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Linear combination of trial wavefunction 

Trial wavefunction 

𝜙 = ∑ 𝑐𝑖𝑓𝑖

𝑁

𝑛=1

= 𝑐1𝑓1 + 𝑐2𝑓2 

Assume 𝑐′𝑠 𝑎𝑛𝑑 𝑓′𝑠 are real (just to simplify things) 

∫ 𝜙�̂�𝜙 𝑑𝜏 = ∫(𝑐1𝑓1 + 𝑐2𝑓2)�̂�(𝑐1𝑓1 + 𝑐2𝑓2)𝑑𝜏

= 𝑐1
2 ∫ 𝑓1�̂�𝑓1 𝑑𝜏 + 𝑐1𝑐2 ∫ 𝑓1�̂�𝑓2𝑑𝜏 + 𝑐1𝑐2 ∫ 𝑓2�̂�𝑓1𝑑𝜏 + 𝑐2

2 ∫ 𝑓2�̂�𝑓2𝑑𝜏

= 𝑐1
2𝐻11 + 𝑐1𝑐2𝐻12 + 𝑐1𝑐2𝐻21 + 𝑐2

2𝐻22 

𝐻𝑖𝑗 = ∫ 𝑓𝑖�̂�𝑓𝑗𝑑𝜏 =  ∫ 𝑓𝑗�̂�𝑓𝑖𝑑𝜏 = 𝐻𝑗𝑖 (Hermitian) 

∫ 𝜙2𝑑𝜏 = 𝑐1
2𝑆11 + 2𝑐1𝑐2𝑆12 + 𝑐2

2𝑆12     𝑤ℎ𝑒𝑟𝑒  𝑆𝑖𝑗 = 𝑆𝑗𝑖 = ∫ 𝑓𝑖𝑓𝑗𝑑𝜏 

𝐻𝑖𝑗  𝑎𝑛𝑑 𝑆𝑖𝑗  are called the matrix elements. 

Variational energy 

𝐸(𝑐1, 𝑐2) =
𝑐1

2𝐻11 + 2𝑐1𝑐2𝐻12 + 𝑐2
2𝐻22

𝑐1
2𝑆11 + 2𝑐1𝑐2𝑆12 + 𝑐2

2𝑆22

 

𝐸(𝑐1, 𝑐2){𝑐1
2𝑆11 + 2𝑐1𝑐2𝑆12 + 𝑐2

2𝑆22} = 𝑐1
2𝐻11 + 2𝑐1𝑐2𝐻12 + 𝑐2

2𝐻22 

We need to minimize the energy w.r.t. 𝑐1 𝑎𝑛𝑑 𝑐2 

Differentiate w.r.t. 𝑐1 and put 
𝜕𝐸

𝜕𝑐1
= 0 

(2𝑐1𝑆11 + 2𝑐2𝑆12)𝐸 +
𝜕𝐸

𝜕𝑐1

(𝑐1
2𝑆11 + 2𝑐1𝑐2𝑆12 + 𝑐2

2𝑆22) = 2𝑐1𝐻11 + 2𝑐2𝐻12 

𝑐1(𝐻11 − 𝐸𝑆11) + 𝑐2(𝐻12 − 𝐸𝑆12) = 0 

Differentiate w.r.t. 𝑐2 and put 
𝜕𝐸

𝜕𝑐2
= 0 

𝑐1(𝐻12 − 𝐸𝑆12) + 𝑐2(𝐻22 − 𝐸𝑆22) = 0 

Secular equation, secular determinant: 

|
𝐻11 − 𝐸𝑆11 𝐻12 − 𝐸𝑆12

𝐻21 − 𝐸𝑆21 𝐻22 − 𝐸𝑆22
| (

𝑐1

𝑐2
) = 0 

The determinant must go to zero. 
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Born-Oppenheimer Approximation 

H2 molecule 

�̂� = −
ℏ2

2𝑀
(∇𝐴

2 + ∇𝐵
2 ) −

ℏ2

2𝑚𝑒

(∇1
2 + ∇2

2) −
𝑒2

4𝜋𝜀0
(

1

𝑟1𝐴
+

1

𝑟1𝐵
+

1

𝑟2𝐴
+

1

𝑟2𝐵
) +

𝑒2

4𝜋𝜀0

1

𝑟12
+

𝑒2

4𝜋𝜀0

1

𝑅
 

Using the approximation 

�̂� = −
ℏ2

2𝑚𝑒

(∇1
2 + ∇2

2) −
𝑒2

4𝜋𝜀0
(

1

𝑟1𝐴
+

1

𝑟1𝐵
+

1

𝑟2𝐴
+

1

𝑟2𝐵
) +

𝑒2

4𝜋𝜀0

1

𝑟12
+

𝑒2

4𝜋𝜀0

1

𝑅
 

Using atomic units 

�̂� = −
1

2
(∇1

2 + ∇2
2) − (

1

𝑟1𝐴
+

1

𝑟1𝐵
+

1

𝑟2𝐴
+

1

𝑟2𝐵
) +

1

𝑟12
+

1

𝑅
 

𝐇𝟐
+ Molecular Ion 

�̂� = −
1

2
∇2 −

1

𝑟𝐴
−

1

𝑟𝐵
+

1

𝑅
 

Now there is only one electron. 𝑅 is the internuclear separation that we can treat as a variable 

parameter. No interelectronic repulsions exist – exactly solvable problem. 

Schrödinger equation 

�̂�𝜓𝑗(𝑟𝐴, 𝑟𝐵; 𝑅) = 𝐸𝑗𝜓𝑗(𝑟𝐴, 𝑟𝐵; 𝑅) 

𝜓𝑗(𝑟𝐴, 𝑟𝐵; 𝑅) are molecular orbitals that extend over both the nuclei 

We can take an appropriate trial function – 1s orbital on atom A and 1s orbital on atom B. This is 

Linear combination of Atomic Orbitals (LCAO) 

𝜓± = 𝑐11𝑠𝐴 ± 𝑐21𝑠𝐵 

Both nuclei are identical => 𝑐1 = 𝑐2 = 𝑐. Use c=1 now. Normalize later. 

The Overlap Integral 

�̂�𝜓+(𝒓; 𝑅) = 𝐸+𝜓+(𝒓; 𝑅) 

𝐸+ =
∫ 𝑑𝒓 𝜓+

∗ �̂�𝜓+

∫ 𝑑𝒓 𝜓+
∗ 𝜓+

 

The denominator ∫ 𝑑𝒓 𝜓+
∗ 𝜓+ 

∫ 𝑑𝒓 𝜓+
∗ 𝜓+ = ∫ 𝑑𝒓 (1𝑠𝐴

∗ + 1𝑠𝐵
∗ )(1𝑠𝐴 + 1𝑠𝐵)

= ∫ 𝑑𝒓 1𝑠𝐴
∗1𝑠𝐴 + ∫ 𝑑𝒓 1𝑠𝐴

∗1𝑠𝐵 + ∫ 𝑑𝒓 1𝑠𝐵
∗ 1𝑠𝐴 + ∫ 𝑑𝒓 1𝑠𝐵

∗ 1𝑠𝐵 

All real functions, so remove the *. 
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The first and the fourth terms are = 1 as these H-atom wavefunctions we took are normalized. 2nd 

and 3rd terms = ∫ 𝑑𝒓 1𝑠𝐴1𝑠𝐵 = 𝑆. This is called an overlap integral. 𝑆 is a function of the internuclear 

separation, 𝑆(𝑅) 

 

 

Evaluate the integral ∫ 𝑑𝒓 1𝑠𝐴1𝑠𝐵 to get 

𝑆(𝑅) = 𝑒−𝑅 (1 + 𝑅 +
𝑅2

3
) 

Denominator is then,  

 ∫ 𝑑𝒓 (1𝑠𝐴
∗ + 1𝑠𝐵

∗ )(1𝑠𝐴 + 1𝑠𝐵) = 2 + 2𝑆(𝑅) 

This also gives the normalization constant for 𝜓+ as 𝑐 =
1

√2(1+𝑆)
 and for 𝜓− 𝑎𝑠 𝑐 =

1

√2(1−𝑆)
 

The Numerator 

∫ 𝑑𝒓 𝜓+
∗ �̂�𝜓+ = ∫ 𝑑𝒓 (1𝑠𝐴

∗ + 1𝑠𝐵
∗ )�̂�(1𝑠𝐴 + 1𝑠𝐵)

= ∫ 𝑑𝒓 (1𝑠𝐴
∗ + 1𝑠𝐵

∗ ) (−
1

2
∇2 −

1

𝑟𝐴
−

1

𝑟𝐵
+

1

𝑅
) (1𝑠𝐴 + 1𝑠𝐵) 

=  ∫ 𝑑𝒓 (1𝑠𝐴
∗ + 1𝑠𝐵

∗ ) (−
1

2
∇2 −

1

𝑟𝐴
−

1

𝑟𝐵
+

1

𝑅
) 1𝑠𝐴 

+ ∫ 𝑑𝒓 (1𝑠𝐴
∗ + 1𝑠𝐵

∗ ) (−
1

2
∇2 −

1

𝑟𝐴
−

1

𝑟𝐵
+

1

𝑅
) 1𝑠𝐵 

Solutions to the one-electron atomic S.E. 
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(−
1

2
∇2 −

1

𝑟𝐴
) 1𝑠𝐴 = 𝐸1𝑠1𝑠𝐴    and    (−

1

2
∇2 −

1

𝑟𝐵
) 1𝑠𝐵 = 𝐸1𝑠1𝑠𝐵    where  𝐸1𝑠 = −

1

2
𝐸𝐻 

Now we write the numerator as 

∫ 𝑑𝒓 𝜓+
∗ �̂�𝜓+ =  ∫ 𝑑𝒓 (1𝑠𝐴

∗ + 1𝑠𝐵
∗ ) (𝐸1𝑠 −

1

𝑟𝐵
+

1

𝑅
) 1𝑠𝐴 + ∫ 𝑑𝒓 (1𝑠𝐴

∗ + 1𝑠𝐵
∗ ) (𝐸1𝑠 −

1

𝑟𝐴
+

1

𝑅
) 1𝑠𝐵 

∫ 𝑑𝒓 𝜓+
∗ �̂�𝜓+ = 2𝐸1𝑠(1 + 𝑆) + ∫ 𝒅𝒓𝟏𝑠𝐴

∗ (−
1

𝑟𝐵
+

1

𝑅
) 1𝑠𝐴 + ∫ 𝒅𝒓1𝑠𝐵

∗ (−
1

𝑟𝐵
+

1

𝑅
) 1𝑠𝐴

+ ∫ 𝒅𝒓𝟏𝑠𝐴
∗ (−

1

𝑟𝐴
+

1

𝑅
) 1𝑠𝐵 + ∫ 𝒅𝒓𝟏𝑠𝐵

∗ (−
1

𝑟𝐴
+

1

𝑅
) 1𝑠𝐵 

Coulomb integral, 𝑱: Charge density of the electron around nucleus A interacting with nucleus 

B + the internuclear repulsion. This is all Coulombic interaction! Remember 𝑅 remains constant. 

𝐽 = ∫ 𝒅𝒓𝟏𝑠𝐴
∗ (−

1

𝑟𝐵
+

1

𝑅
) 1𝑠𝐴 = ∫

𝑑𝒓1𝑠𝐴
∗1𝑠𝐴

𝑟𝐵
+

1

𝑅
      = 𝑒−2𝑅 (1 +

1

𝑅
)  analytically 

Exchange integral, 𝑲: Quantum mechanical concept. Sharing of electrons. 

𝐾 =  ∫ 𝒅𝒓𝟏𝑠𝐵
∗ (−

1

𝑟𝐵
+

1

𝑅
) 1𝑠𝐴 = ∫

𝑑𝒓1𝑠𝐵
∗ 1𝑠𝐴

𝑟𝐵
+

𝑆

𝑅
      =

𝑆

𝑅
− 𝑒−𝑅(1 + 𝑅) analytically 

Finally, the numerator is 

∫ 𝑑𝒓 𝜓+
∗ �̂�𝜓+ = 2𝐸1𝑠(1 + 𝑆) + 2𝐽 + 2𝐾 

𝑆𝑜, 𝐸+ =
∫ 𝑑𝒓 𝜓+

∗ �̂�𝜓+

∫ 𝑑𝒓 𝜓+
∗ 𝜓+

= 𝐸1𝑠 +
𝐽 + 𝐾

1 + 𝑆
 

Δ𝐸+ = 𝐸+ − 𝐸1𝑠 =
𝐽 + 𝐾

1 + 𝑆
=

𝐽

1 + 𝑆
+

𝐾

1 + 𝑆
 

𝜓− = 𝑐11𝑠𝐴 − 𝑐21𝑠𝐵;      Δ𝐸− = 𝐸− − 𝐸1𝑠 =
𝐽 − 𝐾

1 − 𝑆

=
𝐽

1 − 𝑆
−

𝐾

1 − 𝑆
    

𝜓𝑏 = 𝜓+ =
1

√2(1 + 𝑆)
(1𝑠𝐴 + 1𝑠𝐵) 

𝜓𝑎 = 𝜓− =
1

√2(1 − 𝑆)
(1𝑠𝐴 − 1𝑠𝐵) 

𝑇ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙: 𝐸𝑏𝑖𝑛𝑑𝑖𝑛𝑔(𝑅 = 𝑅𝑒) = 0.0648 𝐸ℎ = 170 kJ. mol−1,   𝑅𝑒 = 2.50 𝑎0 = 132 pm 

𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙: 𝐸𝑏𝑖𝑛𝑑𝑖𝑛𝑔(𝑅 = 𝑅𝑒) = 0.102 𝐸ℎ = 268 kJ. mol−1,   𝑅𝑒 = 2.00 𝑎0 = 106 pm 
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Variational method for 𝐇𝟐
+ molecular ion 

𝜓 = 𝑐11𝑠𝐴 + 𝑐21𝑠𝐵 

|
𝐻𝐴𝐴 − 𝐸𝑆𝐴𝐴 𝐻𝐴𝐵 − 𝐸𝑆𝐴𝐵

𝐻𝐴𝐵 − 𝐸𝑆𝐴𝐵 𝐻𝐵𝐵 − 𝐸𝑆𝐵𝐵
| = 0 

Where, 

𝐻𝐴𝐴 = 𝐻𝐵𝐵 = ∫ 𝑑𝒓1𝑠𝐴�̂�1𝑠𝐴 = ∫ 𝑑𝒓1𝑠𝐵�̂�1𝑠𝐵 = 𝐸1𝑠 + 𝐽 

𝐻𝐴𝐵 = ∫ 𝑑𝒓1𝑠𝐴�̂�1𝑠𝐵 = ∫ 𝑑𝒓1𝑠𝐵�̂�1𝑠𝐴 = 𝐸1𝑠𝑆 + 𝐾 

𝑆𝐴𝐴 = 𝑆𝐵𝐵 = ∫ 𝑑𝒓1𝑠𝐴1𝑠𝐴 = ∫ 𝑑𝒓1𝑠𝐵1𝑠𝐵 = 1 

𝑆𝐴𝐵 = ∫ 𝑑𝒓 1𝑠𝐴1𝑠𝐵 = 𝑆 

|
𝐸1𝑠 + 𝐽 − 𝐸 𝐸1𝑠𝑆 + 𝐾 − 𝐸𝑆

𝐸1𝑠𝑆 + 𝐾 − 𝐸𝑆 𝐸1𝑠 + 𝐽 − 𝐸
| = 0 

(𝐸1𝑠 + 𝐽 − 𝐸)2 − (𝐸1𝑠𝑆 + 𝐾 − 𝐸𝑆)2 = 0 

Δ𝐸± = 𝐸± − 𝐸1𝑠 =
𝐽 ± 𝐾

1 ± 𝑆
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𝜓+ = 𝑐(1𝑠𝐴 + 1𝑠𝐵);   𝜓− = 𝑐(1𝑠𝐴 − 1𝑠𝐵) 

We can include many more orbitals in our description 

e.g.  

𝜓 = 𝑐11𝑠𝐴 + 𝑐21𝑠𝐵 + 𝑐32𝑠𝐴 + 𝑐42𝑠𝐵 + 𝑐52𝑝𝑧𝐴 + 𝑐62𝑝𝑧𝐵 

This will give 6 energies and 6 MOs. 

𝐇𝟐 Molecular-Orbitals 

𝜓 =
1

√2!
|
𝜓𝑏𝛼(1) 𝜓𝑏𝛽(1)
𝜓𝑏𝛼(2) 𝜓𝑏𝛽(2)

| = 𝜓𝑏(1)𝜓𝑏(2) {
1

√2
[𝛼(1)𝛽(2) − 𝛼(2)𝛽(1)]} 

Now put in two electrons into the bonding MO (ignoring spin) 

𝜓𝑀𝑂(1,2) = 𝜓𝑏(1)𝜓𝑏(2) =
1

2(1 + 𝑆)
[1𝑠𝐴(1) + 1𝑠𝐵(1)][1𝑠𝐴(2) + 1𝑠𝐵(2)] 

𝜓𝑀𝑂 is a product of MOs which are LCAOs. 

𝐸𝑀𝑂 = ∫ 𝑑𝒓1𝑑𝒓2 𝜓𝑀𝑂
∗ (1,2)�̂�𝜓𝑀𝑂(1,2) 

𝑇ℎ𝑒𝑜𝑟𝑒𝑡𝑖𝑐𝑎𝑙: 𝐸𝑏𝑖𝑛𝑑𝑖𝑛𝑔(𝑅 = 𝑅𝑒) = 0.0990 𝐸ℎ = 260 kJ. mol−1,   𝑅𝑒 = 1.61 𝑎0 = 85 pm 

𝐸𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡𝑎𝑙: 𝐸𝑏𝑖𝑛𝑑𝑖𝑛𝑔(𝑅 = 𝑅𝑒) = 0.174 𝐸ℎ = 457 kJ. mol−1,   𝑅𝑒 = 1.40 𝑎0 = 74.1 pm 

 

Q. Why is 𝐇𝐞𝟐 unstable? 

 

 

 


