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Linear combination of trial wavefunction

Trial wavefunction

N
¢ = Z cifi = cifi + c2f2
n=1
Assume c's and f's are real (just to simplify things)

f pHPpdt = I(C1f1 + e f)H(c1fi + e fy)dr
= Clzjf1ﬁf1 dr + C1C2ff1ﬁf2d7+ C1csz2ﬁf1dT+ szffzﬁfzd'f
= cfHy1 + ¢1CoHip + €10 Hyy + ¢S Hy,

H;j = ffiﬁfjdf = f}‘]-ﬁﬁdr = Hj; (Hermitian)

fqbzdr = ¢{S;1 + 2¢1¢,81; + ¢35, where S;; = S;; = ffl-fjdr

H;; and S;; are called the matrix elements.
Variational energy

c?Hy; + 2¢c,c,Hy, + c2H,,
c2811 + 2¢1¢3815 + €255,

E(CIJ CZ) =

E(cy, c2){cfS1q + 2¢1¢2812 + €3S55} = cfHyq + 2¢102Hyp + ¢5Hyp,y

We need to minimize the energy w.r.t. ¢; and c,

. . )]
Differentiate w.r.t. ¢; and put Py 0
1

oE
(2¢,S11 + 2¢,51,)E + £y (c2811 + 2¢1¢3815 + €2S5,) = 2¢,Hyy + 2c,Hy,
1

c1(Hyp —ES11) + c;(Hiz —ES13) =0

9E
662 -

Differentiate w.r.t. ¢, and put 0

c1(Hiz — ES13) + ¢c;(Hyy — ESy3) =0
Secular equation, secular determinant:

H11 - ESll H12 - ESIZ
H21 - ESZl HZZ - ESZZ

)0

The determinant must go to zero.
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Born-Oppenheimer Approximation

H2 molecule
H= hz(v2+v2) i (Vi +V3) ez(1+1+1+1>+ e 1+e21
oM B 2m, ! z 4teEg\T14 Tip Toa Tog dmeg Ty  4mEG R
Using the approximation
a- hz(V2+V2) ez(l_|_1_|_1_|_1>+ e? 1+321
- Zme 1 2 4‘7'[80 rlA rlB TZA rZB 4‘7'[80 le 4‘7'[80 R

Using atomic units

A

1 ) ) 1 1 1 1 1 1
—=(Vy +V2)—(—+—+—+—>+—+—
2 a TB T4 T2B r, R

H3 Molecular Ion

1, 1 1 1
A=-svVi-———4+

2 4 r3§

Now there is only one electron. R is the internuclear separation that we can treat as a variable
parameter. No interelectronic repulsions exist — exactly solvable problem.

Schrédinger equation
Hy;(ra, m5;R) = Ejp;(ra, 75 R)
wj(rA, rg; R) are molecular orbitals that extend over both the nuclei

We can take an appropriate trial function — 1s orbital on atom A and 1s orbital on atom B. This is
Linear combination of Atomic Orbitals (LCAO)

Yy =c1lsytcylsp

Both nuclei are identical => ¢; = ¢, = c. Use c=1 now. Normalize later.

The Overlap Integral
Hy,(r;R) = Ex,(;R)
_ JdryiHy,
T fdryiy,

The denominator [ dr iy,

Jdrip, = [ dr (1s; + 1s5)(1s4 + 1sp)
= [dr1sj1s, + [ dr1s;1sg + [ dr 1sjpls, + [ dr 1s}1sg

All real functions, so remove the *.
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The first and the fourth terms are = 1 as these H-atom wavefunctions we took are normalized. 2™
and 3" terms = [ dr 1s,1sz = S. This is called an overlap integral. S is a function of the internuclear
separation, S(R)

&\1.0‘
& 0.8

a 0.6
0.4 1
0.2 1
0.0

overla

e T T T

Evaluate the integral [ dr 1s,1sp to get

RZ
S(R) =e°R <1 +R +?>

Denominator is then,

[ dr (1s; + 1s3)(1s4 + 1sp) = 2 + 2S5(R)

, . - 1 1
This also gives the normalization constant for ¢, asc = as) andfory_asc = )
The Numerator
[dryiHy, = J dr (1s; + 1s3)H(1s, + 1sg)
. i 1,1 1 1
= J dr (1SA + 153) (—EV - a - E + E) (1SA + 153)

s (1, 1 1 1
= Jdr(lsA+1sB)(—§V _T__T_-l_E)lSA
A B

s (1, 1 1 1
+de(ISA+ISB)<—§V _a_a-l_ﬁ)lSB

Solutions to the one-electron atomic S.E.
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1, 1 1, 1 1
(_EV —a)lsA=E1515A and (_EV —g)lsB=ElslsB where E15=—§EH

Now we write the numerator as
—~ 1 1 1 1
Sarwifiy, = [ drGsi+155) (B = —+ ) 150+ [ dr (s34 159 (Brg = —+ ) 155
3 R . R
—~ 1 1 1 1
[dryiHy, = 2E,,(1+5) + [ dris} (—— + —) 1s, + [ dris} (—— + —> 1s,
s R 18} R

11 11
+fdrlsA (_a-l_ﬁ) 1sp +fdr153 (—a+§) 1sp

Coulomb integral, J: Charge density of the electron around nucleus A interacting with nucleus
B + the internuclear repulsion. This is all Coulombic interaction! Remember R remains constant.

1 dris;ls, 1

1 1
] = f dris; (—a + §> 1s, = fT e = e 2R (1 + E) analytically

Exchange integral, K: Quantum mechanical concept. Sharing of electrons.

1 drilsgls, S

1 S
K= j dris} (_r_ + §> 1s, = fr— T T e R(1 + R) analytically
B B

Finally, the numerator is

[dryiAy, =2E,,(1+S5)+2] + 2K

. =fdr1p:1?1/)+= J+K Bonding
CT T Jdryiy, Y 14
0, =, —E =t o L K 2
N T Y S EA
A
B ~ _J-K
Y_ = c11sy — c1sp; AE——E—_Els_TS Anti-bonding
__J K
T 1-5 1-S
1
Yp =P = ————=(1s4 + 1sp)
2(1+5)
1
Yo =9 = ———=(1s4 — 1sp)

J2(1=9)

Theoretical: Epinging(R = R,) = 0.0648 E;, = 170 kJ.mol™, R, = 2.50 a; = 132 pm

Experimental: Epinging(R = R,) = 0.102 E, = 268 k].mol™", R, = 2.00 ay, = 106 pm
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Molecular energy diagram for H,*

unbound state: antibonding

"
S

E(R)

E,(R)

bound state: bonding

Variational method for H; molecular ion
Y =c1sy +cy1sp

HAA - ESAA HAB - ESAB

=0
Hyp —ESap  Hpp — ESpp

Where,

HAA = HBB = deISAHISA = f drlsBﬁlsB = ElS +]
Hup = f dris,Hlsg = J drlsgH1s, = E; S + K
SAA = SBB = JdTISAlsA = JdrlsBlsB = 1

SAB = fdr 1SA153 = S

Eis+]—E  EyS+K—ES|_
E,S+K—ES E+]—E |~

(Eis+]—E)?—(E;sS+K—ES)?=0

JtK
AEy =Ey —Eys =71

Energy




6

IIT Delhi - CML 100:12 - H,

Y =c(lsy + 1sp); Y- = c(lsy — 1sp)
We can include many more orbitals in our description
e.g.
Y =c11sy + c318sp + 3254 + €42S55 + C52P,4 + C62D,48

This will give 6 energies and 6 MOs.

H, Molecular-Orbitals

_ 1 e YD) _ 1 B
v T2 sa(2) B T Yp(DY5(2) { NG [a(1)B(2) a(Z)ﬁ(l)]}

Now put in two electrons into the bonding MO (ignoring spin)

Ymo(1,2) = Pp(DY,(2) = [154(1) + 1sp(D)][15,(2) + 1s5(2)]

1
2(1+5)

Yo is a product of MOs which are LCAOs.

o = | dridr, o (L2 Apwo(12)
Theoretical: Epinging(R = R.) = 0.0990 E, = 260 k]. mol™, R, = 1.61a, = 85 pm

Experimental: Epinging(R = R,) = 0.174 E;, = 457 k].mol™', R, = 1.40 ay = 74.1 pm

Q. Why is He, unstable?



