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Molecular partition functions 

Independent, Distinguishable molecules 

e.g. in a perfect crystal 

𝐸𝑙(𝑁, 𝑉) = 𝜀𝑖
𝑎(𝑉) + 𝜀𝑗

𝑏(𝑉) + 𝜀𝑘
𝑐(𝑉) + ⋯ 𝑁 𝑡𝑒𝑟𝑚𝑠  

𝑄(𝑁, 𝑉, 𝑇) = ∑ 𝑒−𝛽𝐸𝑖

𝑖

= ∑ 𝑒
−𝛽(𝜀𝑖

𝑎+𝜀𝑗
𝑏+𝜀𝑘

𝑐 +⋯ )

𝑖,𝑗,𝑘…

= ∑ 𝑒−𝛽𝜀𝑖
𝑎

𝑖

∑ 𝑒−𝛽𝜀𝑗
𝑏

𝑗

∑ 𝑒−𝛽𝜀𝑘
𝑐

𝑘

… 

= 𝑞𝑎(𝑉, 𝑇)𝑞𝑏(𝑉, 𝑇)𝑞𝑐(𝑉, 𝑇) … 

𝑄(𝑁, 𝑉, 𝑇) = [𝑞(𝑉, 𝑇)]𝑁 

𝑞(𝑉, 𝑇) is called the molecular partition function. 

Independent, Indistinguishable molecules 

𝐸𝑙(𝑁, 𝑉) = 𝜀𝑖 (𝑉) + 𝜀𝑗 (𝑉) + 𝜀𝑘 (𝑉) + ⋯ 𝑁 𝑡𝑒𝑟𝑚𝑠 

𝑄(𝑁, 𝑉, 𝑇) = ∑ 𝑒−𝛽𝐸𝑖

𝑖

= ∑ 𝑒
−𝛽(𝜀𝑖 +𝜀𝑗 +𝜀𝑘 +⋯ )

𝑖,𝑗,𝑘…

 

To avoid over-counting, use, 

𝑄(𝑁, 𝑉, 𝑇) =
[𝑞(𝑉, 𝑇)]𝑁

𝑁!
 

Decomposition of the molecular partition functions 

For independent particles, 

〈𝐸〉 = 𝑘𝐵𝑇2 (
𝜕 ln 𝑄

𝜕𝑇
)

𝑁,𝑉
= 𝑁𝑘𝐵𝑇2 (

𝜕 ln 𝑞

𝜕𝑇
)

𝑉
= 𝑁 ∑ 𝜀𝑖

𝑒−𝜀𝑖/𝑘𝐵𝑇

𝑞(𝑉, 𝑇)
𝑖

= 𝑁〈𝜀〉 

Probability that a molecule is in its jth molecular energy state  

𝜋𝑗 =
𝑒−𝜀𝑗/𝑘𝐵𝑇

𝑞(𝑉, 𝑇)
=

𝑒−𝜀𝑗/𝑘𝐵𝑇

∑ 𝑒−𝜀𝑗/𝑘𝐵𝑇
𝑗

 

Energy of a molecule,  

𝜀 = 𝜀𝑖
𝑡𝑟𝑎𝑛𝑠 + 𝜀𝑗

𝑟𝑜𝑡 + 𝜀𝑘
𝑣𝑖𝑏 + 𝜀𝑙

𝑒𝑙𝑒𝑐  

All energy terms are distinguishable, so we can write, 𝑞(𝑉, 𝑇) = 𝑞𝑡𝑟𝑎𝑛𝑠𝑞𝑟𝑜𝑡𝑞𝑣𝑖𝑏𝑞𝑒𝑙𝑒𝑐 

𝜋𝑖𝑗𝑘𝑙 =
𝑒−𝜀𝑖

𝑡𝑟𝑎𝑛𝑠/𝑘𝐵𝑇𝑒−𝜀𝑗
𝑟𝑜𝑡/𝑘𝐵𝑇𝑒−𝜀𝑘

𝑣𝑖𝑏/𝑘𝐵𝑇𝑒−𝜀𝑙
𝑒𝑙𝑒𝑐/𝑘𝐵𝑇

𝑞𝑡𝑟𝑎𝑛𝑠𝑞𝑟𝑜𝑡𝑞𝑣𝑖𝑏𝑞𝑒𝑙𝑒𝑐
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If we sum over all other states, we get the probability that a molecule is in its kth vibrational state. 

𝜋𝑘
𝑣𝑖𝑏 =

(∑ 𝑒−𝜀𝑖
𝑡𝑟𝑎𝑛𝑠/𝑘𝐵𝑇

𝑖 ) (∑ 𝑒−𝜀𝑗
𝑟𝑜𝑡/𝑘𝐵𝑇

𝑗 ) (∑ 𝑒−𝜀𝑙
𝑒𝑙𝑒𝑐/𝑘𝐵𝑇

𝑙 ) 𝑒−𝜀𝑘
𝑣𝑖𝑏/𝑘𝐵𝑇

𝑞𝑡𝑟𝑎𝑛𝑠𝑞𝑟𝑜𝑡𝑞𝑣𝑖𝑏𝑞𝑒𝑙𝑒𝑐
 

Also, 

〈𝜀𝑣𝑖𝑏〉 = ∑ 𝜀𝑘
𝑣𝑖𝑏 𝑒−𝜀𝑘

𝑣𝑖𝑏/𝑘𝐵𝑇

𝑞(𝑉, 𝑇)
𝑘

= 𝑘𝐵𝑇2
𝜕 ln 𝑞𝑣𝑖𝑏

𝜕𝑇
= −

𝜕𝑞𝑣𝑖𝑏

𝜕𝛽
 

Likewise for rotation and translation. 

In case there is degeneracy, then we have 𝑔𝑗 energy levels for the given energy state. 

𝑞(𝑉, 𝑇) = ∑ 𝑔𝑗

𝑗
(levels)

𝑒−𝜀𝑗/𝑘𝐵𝑇 

e.g. rotation,  𝑞𝑟𝑜𝑡(𝑇) = ∑ (2𝐽 + 1)𝑒−ℏ2𝐽(𝐽+1)/2𝐼𝑘𝐵𝑇∞
𝐽=0  

Molecular Partition Functions – Monatomic Ideal Gas 
 

𝜀𝑎𝑡𝑜𝑚𝑖𝑐 = 𝜀𝑡𝑟𝑎𝑛𝑠 + 𝜀𝑒𝑙𝑒𝑐   and   𝑞(𝑉, 𝑇) = 𝑞𝑡𝑟𝑎𝑛𝑠(𝑉, 𝑇)𝑞𝑒𝑙𝑒𝑐(𝑇) 

Translational partition function 

𝑞𝑡𝑟𝑎𝑛𝑠 = ∑ 𝑒
−𝛽𝜀𝑛𝑥𝑛𝑦𝑛𝑧

∞

𝑛𝑥,𝑛𝑦,𝑛𝑧=1

= ∑ ∑ ∑ exp {−
𝛽ℎ2

8𝑚𝑎2 (𝑛𝑥
2 + 𝑛𝑦

2 + 𝑛𝑧
2)}

∞

𝑛𝑧=1

∞

𝑛𝑦=1

∞

𝑛𝑥=1

= ∑ exp (−
𝛽ℎ2𝑛𝑥

2

8𝑚𝑎2 ) ∑ exp (−
𝛽ℎ2𝑛𝑦

2

8𝑚𝑎2 ) ∑ exp (−
𝛽ℎ2𝑛𝑧

2

8𝑚𝑎2 )

∞

𝑛𝑧=1

∞

𝑛𝑦=1

∞

𝑛𝑥=1

 

Each of the summations is  

∑ exp (−
𝛽ℎ2𝑛2

8𝑚𝑎2 )

∞

𝑛=1

= 𝑒−𝛽ℎ2/8𝑚𝑎2
+ 𝑒−4𝛽ℎ2/8𝑚𝑎2

+ 𝑒−9𝛽ℎ2/8𝑚𝑎2
+ ⋯ 

Thus,  

𝑞𝑡𝑟𝑎𝑛𝑠 = [∑ exp (−
𝛽ℎ2𝑛2

8𝑚𝑎2 )

∞

𝑛=1

]

3

= [∫ 𝑒−𝛽ℎ2𝑛2/8𝑚𝑎2
𝑑𝑛

∞

0

]

3

= (
2𝜋𝑚𝑘𝐵𝑇

ℎ2 )
3/2

𝑉 

(∫ 𝑒−𝛼𝑥2
𝑑𝑥

∞

0
= (𝜋/4𝛼)1/2) 

〈𝜀𝑡𝑟𝑎𝑛𝑠〉 = 𝑘𝐵𝑇2 (
𝜕 ln 𝑞𝑡𝑟𝑎𝑛𝑠

𝜕𝑇
)

𝑉
= 𝑘𝐵𝑇2 (

𝜕

𝜕𝑇
[
3

2
ln 𝑇 + terms independent of T])

𝑉
=

3

2
𝑘𝐵𝑇 
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Electronic partition function 

Lets measure all electronic energies w.r.t. the G.S. i.e. 𝐸𝐺𝑆 = 𝜀𝑒1 = 0 

𝑞𝑒𝑙𝑒𝑐(𝑇) = 𝑔𝑒1 + 𝑔𝑒2𝑒−𝛽𝜀𝑒2 + ⋯ 

These 𝜀′𝑠 are typically ~ 10,000s cm-1. Given, 1.986 × 10−23 J = 1 cm−1, 𝑘𝐵 = 0.6950 cm−1. K−1 

Thus,  

𝛽𝜀𝑒𝑙𝑒𝑐 ≈
10000 cm−1

0.6950 cm−1. K−1

1

𝑇
≈

104K

𝑇
 ~ 10 for 𝑇 = 1000 K 

𝑒−𝛽𝜀𝑒2  ~ 10−5 

𝑞𝑒𝑙𝑒𝑐(𝑇) ~ 𝑔𝑒1 

 


