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Nanoparticles: From Theory to Applications

2



CML 102: Chemistry of Functional Materials– Sameer Sapra, Department of Chemistry, IIT Delhi

bottom-up: atoms-molecules-nanomaterials-bulk
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3D system

• solid of sides 𝑑𝑥 , 𝑑𝑦, 𝑑𝑧 containing 𝑁 free electrons

• assumption – neglect e-e and e-crystal interactions – free electron gas

• use effective mass 𝑚∗

• energy of electron 𝐸 =
1

2
𝑚  𝑣2 =

1

2
𝑚(𝑣𝑥

2 + 𝑣𝑦
2 + 𝑣𝑧

2). Two electrons can have 
the same energy i.e. be in the same state, two spins

• wave vector 𝑘 = 𝑘𝑥 , 𝑘𝑦, 𝑘𝑧 ,        

•  𝑝 = 𝑚  𝑣 = ℏ𝑘 = ℎ
𝑘

2𝜋
= ℎ/𝜆

• ±𝑘 = 𝑘 = ±2𝜋/𝜆
• ~nm long wave

• periodic boundary conditions  – to simulate an infinite solid

• 𝜓 𝑥, 𝑦, 𝑧 = 𝜓 𝑥 + 𝑑𝑥, 𝑦, 𝑧 = 𝜓 𝑥, 𝑦 + 𝑑𝑦, 𝑧 = 𝜓 𝑥, 𝑦, 𝑧 + 𝑑𝑧
• 𝜓 𝑥, 𝑦, 𝑧 = 𝜓 𝑥 𝜓 𝑦 𝜓(𝑧)

• soln 𝜓 𝑥 = 𝐴𝑒𝑖𝑘𝑥𝑥𝑒𝑖𝑘𝑦𝑦𝑒𝑖𝑘𝑧𝑧

• 𝑘𝑥 = ±𝑛Δ𝑘 = ±𝑛2𝜋/𝑑𝑥 … … 

• two e-s (𝑚𝑠 = ±
1

2
) in each state

• all states are equally distributed   … contd
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periodic boundary condition 1D
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periodic boundary conditions

• all states are equally distributed
• 2 e-s in 𝑘𝑥 = 0

• 2 e-s in 𝑘𝑥 = +Δ𝑘,−Δ𝑘 (𝑣𝑥 = ±Δ𝑣)

• 2 e-s in 𝑘𝑥 = +2Δ𝑘, −2Δ𝑘 (𝑣𝑥 = ±2Δ𝑣)

• In 3D bulk material

• 2 e-s in 𝑘𝑥, 𝑘𝑦, 𝑘𝑧 = (±𝑛𝑥Δ𝑘,±𝑛𝑦Δ𝑘, ±𝑛𝑧Δ𝑘𝑧)

• sphere for large values of 𝑛

• At 0 K

• 𝑘𝐹 radius of sphere

• Fermi velocity 𝑣𝐹
• Fermi energy 𝐸𝐹 ∝ 𝑘𝐹 , 𝐸 < 𝐸𝐹 occupied, 𝐸 > 𝐸𝐹 vacant

• Separation between states, Δ𝑘 = ±𝑛2𝜋/𝑑𝑥,𝑦,𝑧
• bulk material, 𝑑𝑥,𝑦,𝑧 is large, Δ𝑘 small , quasicontinuously filled levels

• nanomaterials Δ𝑘 is large
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DOS 3D

• Density of states, DOS 𝐷3𝑑(𝑘) – number of states per unit interval of 
wavenumbers
• 𝐷3𝑑 𝑘 Δk is the number of electrons with wavenumber between 𝑘 and Δ𝑘

• # of e-s with wavenumber < 𝑘𝑚𝑎𝑥

𝑁 𝑘𝑚𝑎𝑥 =  

0

𝑘𝑚𝑎𝑥

𝐷3𝑑 𝑘 𝑑𝑘

• G.S. all e-s have 𝑘 < 𝑘𝐹

𝐷3𝑑 𝑘 =
𝑑𝑁 𝑘

𝑑𝑘
∝ 𝑘2

• 𝐸 𝑘 ∝ 𝑘2

𝐷3𝑑 𝐸 =
𝑑𝑁 𝐸

𝑑𝐸
=
𝑑𝑁 𝑘

𝑑𝑘
.
𝑑𝑘

𝑑𝐸
∝ 𝐸. 1/ 𝐸 ∝ 𝐸
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electrons in 3D bulk
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2D sheet

• extended in x- and y- directions, few nm thick in z-dirextion

• free electrons in xy-plane, quantized along z
• 2DEG

• infinite high potential walls at 𝑧 = ±
1

2
𝑑𝑧

• solutions  PIB, 

• 𝐸𝑛𝑧 = ℏ
2𝑘𝑧
2/2𝑚 = ℎ2𝑘𝑧

2/8𝜋2𝑚 = ℎ2𝑛𝑧
2/8𝑚𝑑𝑧

2, 𝑛𝑧 = 1,2,3…

• similar to 𝑘𝑧 = 𝑛Δ𝑘𝑧, Δ𝑘𝑧 = 𝜋/𝑑𝑧

• distribution of states in 𝑘𝑥𝑘𝑦 plane remains quasi-continuous

• visualize this as planes in 𝑘𝑥𝑘𝑦 with a separation Δ𝑘𝑧 between the planes in 
𝑘𝑧 direction. label individual planes with 𝑛𝑧

• within one plane # of states is quasicontinuous
• ∴ # of states ∝ area of plane

• i.e. # of states ∝ 𝑘2 = 𝑘𝑥
2 + 𝑘𝑦

2

• in a ring, # states ∝ 𝑘. Δ𝑘
• integration over all rings = total area of plane
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DOS 2D

• 𝐷2𝑑 𝑘 =
𝑑𝑁 𝑘

𝑑𝑘
∝ 𝑘

• 𝐷2𝑑 𝐸 =
𝑑𝑁 𝐸

𝑑𝐸
=
𝑑𝑁 𝑘

𝑑𝑘

𝑑𝑘

𝑑𝐸
∝ 𝐸. 1/ 𝐸 ∝ 1
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DOS 1D 

• 𝐷1𝑑 𝐸 = 1/ 𝐸

11



CML 102: Chemistry of Functional Materials– Sameer Sapra, Department of Chemistry, IIT Delhi

0D systems

12



CML 102: Chemistry of Functional Materials– Sameer Sapra, Department of Chemistry, IIT Delhi

• Energy level spacing 𝛿 ∝ 𝐸𝐹/𝑁 i.e. the highest occupied energy divided by 
the number of electrons

• 𝐸𝐹 ∝ 𝜌 = 𝑁/𝑉

• Fermi energy depends only on the density of electrons, not on the number 
=> 𝐸𝐹 is independent of particle size

• 𝛿 ∝ 1/𝑉 ∝ 1/𝐿3

• The size of the particle decreases, energy level spacing increases
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Quantum dots

• 𝐸𝑤𝑒𝑙𝑙,1𝐷 =
1

8

ℎ2

𝑚∗𝑑2

• 𝐸𝑤𝑒𝑙𝑙,3𝐷 =
3

8

ℎ2

𝑚∗𝑑2

• 𝐸𝑠𝑝ℎ𝑒𝑟𝑒 =
1

2

ℎ2

𝑚∗𝑑2

•
1

𝑚∗
=

1

𝑚ℎ
∗ +

1

𝑚𝑒
∗

• 𝐸𝐶𝑜𝑢𝑙 =
−1.8 𝑒2

2𝜋𝜀𝑑

• 𝐸𝑔 𝑑𝑜𝑡 = 𝐸𝑔 𝑏𝑢𝑙𝑘 + 𝐸𝑤𝑒𝑙𝑙 + 𝐸𝐶𝑜𝑢𝑙

• 𝐸𝑔 𝑑 = 𝐸𝑔 𝑏𝑢𝑙𝑘 +
ℎ2

2𝑑2
1

𝑚𝑒
∗ +

1

𝑚ℎ
∗ −

1.8 𝑒2

2𝜋𝜀𝑑
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