
Fundamental Equations CML 100 SS 

1 
 

The fundamental equations 

𝒅𝑼 = 𝑑𝑞𝑟𝑒𝑣 + 𝑑𝑤𝑟𝑒𝑣 = 𝑻𝒅𝑺 − 𝒑𝒅𝑽  applicable to any process since 𝑑𝑈 is a state function 

For irr. Changes, 𝑇𝑑𝑆 > 𝑑𝑞 and −𝑝𝑑𝑉 > 𝑑𝑤, but the sum 𝑑𝑞 + 𝑑𝑤 remains the same. 

Seems 𝑈(𝑆, 𝑉) is a natural choice 

𝑑𝑈 = (
𝜕𝑈

𝜕𝑆
)

𝑉
𝑑𝑆 + (

𝜕𝑈

𝜕𝑉
)

𝑆
𝑑𝑉;    (

𝜕𝑈

𝜕𝑆
)

𝑉
= 𝑇     𝑎𝑛𝑑   (

𝜕𝑈

𝜕𝑉
)

𝑆
= −𝑝 

Since 𝑈 is a state function, the above equation gives,  (
𝜕𝑇

𝜕𝑉
)

𝑆
= − (

𝜕𝑝

𝜕𝑆
)

𝑉
 

𝒅𝑯 = 𝑑𝑈 + 𝑑(𝑝𝑉) = 𝑇𝑑𝑆 − 𝑝𝑑𝑉 + 𝑝𝑑𝑉 + 𝑉𝑑𝑝 = 𝑻𝒅𝑺 + 𝑽𝒅𝒑 

𝑑𝐻 = (
𝜕𝐻

𝜕𝑆
)

𝑝
𝑑𝑆 + (

𝜕𝐻

𝜕𝑝
)

𝑆

𝑑𝑝;    (
𝜕𝐻

𝜕𝑆
)

𝑝
= 𝑇      𝑎𝑛𝑑     (

𝜕𝐻

𝜕𝑝
)

𝑆

= 𝑉 

Since 𝐻 is a state function, the above equation gives,  (
𝜕𝑇

𝜕𝑝
)

𝑆
= (

𝜕𝑉

𝜕𝑆
)

𝑝
 

𝒅𝑨 = 𝑑𝑈 − 𝑑(𝑇𝑆) = 𝑇𝑑𝑆 − 𝑝𝑑𝑉 − 𝑇𝑑𝑆 − 𝑆𝑑𝑇 = −𝒑𝒅𝑽 − 𝑺𝒅𝑻 

𝑑𝐴 = (
𝜕𝐴

𝜕𝑉
)

𝑇
𝑑𝑉 + (

𝜕𝐴

𝜕𝑇
)

𝑉
𝑑𝑇;    (

𝜕𝐴

𝜕𝑇
)

𝑉
= −𝑆      𝑎𝑛𝑑     (

𝜕𝐴

𝜕𝑉
)

𝑇
= −𝑝 

Since 𝐴 is a state function, the above equation gives,  (
𝜕𝑝

𝜕𝑇
)

𝑉
= (

𝜕𝑆

𝜕𝑉
)

𝑇
 

𝒅𝑮 = 𝑑𝐻 − 𝑑(𝑇𝑆) = 𝑇𝑑𝑆 + 𝑉𝑑𝑝 − 𝑇𝑑𝑆 − 𝑆𝑑𝑇 = 𝑽𝒅𝒑 − 𝑺𝒅𝑻 

𝑑𝐺 = (
𝜕𝐺

𝜕𝑝
)

𝑇

𝑑𝑝 + (
𝜕𝐺

𝜕𝑇
)

𝑝
𝑑𝑇;    (

𝜕𝐺

𝜕𝑇
)

𝑝
= −𝑆      𝑎𝑛𝑑     (

𝜕𝐺

𝜕𝑝
)

𝑇

= 𝑉 

Since 𝐺 is a state function, the above equation gives,  (
𝜕𝑉

𝜕𝑇
)

𝑝
= (

𝜕𝑆

𝜕𝑝
)

𝑇
 

The equations in blue are the Maxwell relations. 
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Some examples 

We saw the variation of 𝑈 as a function of 𝑉. 

𝑑𝑈 = (
𝜕𝑈

𝜕𝑆
)

𝑉
𝑑𝑆 + (

𝜕𝑈

𝜕𝑉
)

𝑆
𝑑𝑉 gives,     (

𝜕𝑈

𝜕𝑉
)

𝑇
= (

𝜕𝑈

𝜕𝑆
)

𝑉
(

𝜕𝑆

𝜕𝑉
)

𝑇
+ (

𝜕𝑈

𝜕𝑉
)

𝑆
→    𝜋𝑇 = 𝑇 (

𝜕𝑝

𝜕𝑇
)

𝑉
− 𝑝. This is a 

thermodynamic equation of state. 

For an I.G. (
𝜕𝑝

𝜕𝑇
)

𝑉
= (

𝜕(𝑛𝑅𝑇/𝑉)

𝜕𝑇
)

𝑉
=

𝑛𝑅

𝑉
     ∴   𝜋𝑇 =

𝑛𝑅𝑇

𝑉
− 𝑝 = 0 

For a van der Waals gas,  𝑝 =
𝑛𝑅𝑇

𝑉−𝑛𝑏
−

𝑎𝑛2

𝑉2    →  (
𝜕𝑝

𝜕𝑇
)

𝑉
= (

𝜕(𝑛𝑅𝑇/(𝑉−𝑛𝑏))

𝜕𝑇
)

𝑉
=

𝑛𝑅

𝑉−𝑛𝑏
    

∴   𝜋𝑇 =
𝑛𝑅𝑇

𝑉 − 𝑛𝑏
− 𝑝 =

𝑛𝑅𝑇

𝑉 − 𝑛𝑏
− (

𝑛𝑅𝑇

𝑉 − 𝑛𝑏
−

𝑎𝑛2

𝑉2 ) =
𝑎𝑛2

𝑉2
 

 

Focusing on the Gibbs Free Energy 

(
𝜕𝐺

𝜕𝑇
)

𝑝
= −𝑆      𝑎𝑛𝑑     (

𝜕𝐺

𝜕𝑝
)

𝑇

= 𝑉 

S is always +ve. G dec. as T is increased 

G dec. more if entropy is large. It dec. more for gases than solids 

Since 𝑉 > 0, G always inc. when p is inc., G being more sensitive when the V 

is large (i.e. gases) 

G as a function of T 

(
𝜕𝐺

𝜕𝑇
)

𝑝
= −𝑆 =

𝐺 − 𝐻

𝑇
 

The equilibrium constant is related to 𝐺/𝑇 

(
𝜕(𝐺/𝑇)

𝜕𝑇
)

𝑝

= −
𝐻

𝑇2
    𝐺𝑖𝑏𝑏𝑠 − 𝐻𝑒𝑙𝑚ℎ𝑜𝑙𝑡𝑧 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

(
𝜕(𝐺/𝑇)

𝜕𝑇
)

𝑝

=
1

𝑇
(

𝜕𝐺

𝜕𝑇
)

𝑝
+ 𝐺

𝑑(1/𝑇)

𝑑𝑇
=

1

𝑇
(

𝜕𝐺

𝜕𝑇
)

𝑝
−

𝐺

𝑇2
=

1

𝑇
{(

𝜕𝐺

𝜕𝑇
)

𝑝
−

𝐺

𝑇
} =

1

𝑇
{
𝐺 − 𝐻

𝑇
−

𝐺

𝑇
} = −

𝐻

𝑇2
 

{
𝜕(Δ𝐺/𝑇)

𝜕𝑇
}

𝑝

= −
Δ𝐻

𝑇2
 

G as a function of p 

At constant T, (
𝜕𝐺

𝜕𝑝
)

𝑇
= 𝑉.  𝐺𝑚(𝑝𝑓) = 𝐺𝑚(𝑝𝑖) + ∫ 𝑉𝑚𝑑𝑝

𝑝𝑓

𝑝𝑖
 

For condensed phases 𝑉𝑚 is essentially constant. So not much change in 𝐺𝑚 
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For gases it does. For an I.G., 

𝐺𝑚(𝑝𝑓) = 𝐺𝑚(𝑝𝑖) + 𝑅𝑇 ∫
1

𝑝
𝑑𝑝

𝑝𝑓

𝑝𝑖

= 𝐺𝑚(𝑝𝑖) + 𝑅𝑇 ln
𝑝𝑓

𝑝𝑖
 

Set 𝑝𝑖 = 𝑝0 (standard pressure) 

𝐺𝑚(𝑝) = 𝐺𝑚
0 + 𝑅𝑇 ln

𝑝

𝑝0
 

 


