
3rd May 2013 CYL 561 Quantum Chemistry Major 50 marks, 2 hours 

 

Answer all parts together else they will not be checked.  

 

1. True/False: One line reason. Correct statement if false. (𝟓 × 𝟐) 

a) Every linear combination of solutions of the time-dependent Schrodinger equation is a 

solution of this equation. 

b) The eigenvalues of a diagonal matrix are equal to the diagonal elements, 𝑎𝑖𝑖 . 

c) If two Hermitian operators do not commute, they cannot possess any common 

eigenfunctions. 

d) For every system of several fermions, interchange of the labels of two fermions in the 

wavefunction must multiply the wavefunction by −1. 

e) When perturbative correction is applied on the ground state, the second order correction to 

energy is always positive. 

Answer 1: 

a) True: Show that −
ℏ

𝑖

𝜕𝜒

𝜕𝑡
=  𝐻̂χ is satisfied by the linear combination of solutions 𝑒−𝑖𝐸𝑡/ℏ𝜓(𝑞) 

b) True: Show in matrix form 𝐻̂𝐶 = 𝑊𝐶 

c) False: They can possess some common eigenfunctions. Correct statement: If two Hermitian 

operators do not commute, they cannot possess complete common set of eigenfunctions. 

d) True: Pauli’s principle states so.  

e) False: 𝐸0
2 =  ∑

|⟨𝜓𝑚
0

|𝐻̂′
|𝜓𝑛

0
⟩|

2

𝐸𝑛
0−𝐸𝑚

0𝑚≠𝑛  shows the denominator is always negative while the numerator 

is always positive. Correct statement: When perturbative correction is applied on the ground state, 

the second order correction to energy is always negative. 

 

2. Parity operator (3+5+2) 

The parity operator Π̂ converts a function 𝑓(𝑥, 𝑦, 𝑧) to 𝑓(−𝑥, −𝑦, −𝑧). Find the eigenvalues of the 

operator. Under what conditions does the operator commute with the Hamiltonian? A system that 

has been taught to you has a common set of eigenfunctions with Π̂. Show explicitly that the first 

two states of this system are also eigenfunctions of Π̂. 

Answer 2:  

Π̂2𝑓(𝑥, 𝑦, 𝑧) = 1. 𝑓(𝑥, 𝑦, 𝑧). Therefore, the eigenvalues of Π̂ are ±1.  

Π̂𝐻̂𝑓 −  𝐻̂Π̂𝑓 = Π̂ (−
ℏ2

2𝑚

𝜕2

𝜕𝑥2
+ 𝑉(𝑥, 𝑦, 𝑧)) 𝑓 −  (−

ℏ2

2𝑚

𝜕2

𝜕𝑥2
+ 𝑉(𝑥, 𝑦, 𝑧)) Π̂𝑓 

This can be broken up as  



Π̂ (−
ℏ2

2𝑚

𝜕2

𝜕𝑥2
) 𝑓 +  Π̂𝑉(𝑥, 𝑦, 𝑧)𝑓 − ( (−

ℏ2

2𝑚

𝜕2

𝜕𝑥2
) Π̂𝑓 + 𝑉(𝑥, 𝑦, 𝑧)Π̂𝑓) 

= −
ℏ2

2𝑚

𝜕

𝜕(−𝑥)

𝜕

𝜕(−𝑥)
𝑓(−𝑥, −𝑦, −𝑧) + 𝑉(−𝑥, −𝑦, −𝑧)𝑓(−𝑥, −𝑦, −𝑧) 

+
ℏ2

2𝑚

𝜕2

𝜕𝑥2
𝑓(−𝑥, −𝑦, −𝑧) + 𝑉(𝑥, 𝑦, 𝑧)𝑓(−𝑥, −𝑦, −𝑧) 

= −
ℏ2

2𝑚

𝜕2

𝜕𝑥2
𝑓(−𝑥, −𝑦, −𝑧) + 𝑉(−𝑥, −𝑦, −𝑧)𝑓(𝑥, 𝑦, 𝑧) 

+
ℏ2

2𝑚

𝜕2

𝜕𝑥2
𝑓(−𝑥, −𝑦, −𝑧) − 𝑉(𝑥, 𝑦, 𝑧)𝑓(−𝑥, −𝑦, −𝑧) 

= 𝑉(−𝑥, −𝑦, −𝑧)𝑓(−𝑥, −𝑦, −𝑧) − 𝑉(𝑥, 𝑦, 𝑧)𝑓(−𝑥, −𝑦, −𝑧) 

This can go to zero only when 𝑉(−𝑥, −𝑦, −𝑧) = 𝑉(𝑥, 𝑦, 𝑧). The potential must be an even function.  

The system taught to you is the Harmonic oscillator where the potential energy is an even function. Show 

that Π̂𝜓0 =  +1𝜓0 and Π̂𝜓1 =  −1𝜓1 

 

3. Huckel M.O.T. (8) 

Determine whether the linear state (H − H − H+) or the triangular state of 

H3
+is more stable.  

Answer 3: 

Write the secular determinants 

|

𝛼 − 𝐸   𝛽   0
𝛽  𝛼 − 𝐸   𝛽
0   𝛽   𝛼 − 𝐸 

| for the linear system gives 𝐸 = 𝛼 ± √2 𝛽 

and |

𝛼 − 𝐸   𝛽   𝛽
𝛽  𝛼 − 𝐸   𝛽

𝛽   𝛽   𝛼 − 𝐸 
| for the triangular system, 𝐸 = 𝛼 + 2𝛽 and 𝐸 = 𝛼 − 𝛽. Fill up two electrons and see 

that the triangular system is lower in energy. 

 

4. Harmonic Oscillator (𝟓 × 𝟐)  

A particle is in the state described by 

𝜓 = 𝑁 (
𝛼

𝜋
)

1/4

[
4

2√2
𝜉2 +

4

√2
𝜉 −

2

2√2
] exp(−𝛼𝑥2/2)  

where, 𝜉 = 𝛼1/2𝑥.  

a) What is the probability that the particle will be found in the ground state? What is the 

probability that it is found in the first excited state? 

H 

H H 

+ 



b) Is this state an odd or an even function about 𝑥? Plot it.  

c) Determine the value of the normalization constant 𝑁. 

d) Determine the average energy of the state. 

e) How would this energy change in the presence of a weak electric field of magnitude 𝑓 

applied along the +𝑥 direction if the particle has a charge – 𝑒? (Use only first order 

perturbation correction.) 

Answer 4:  

The first thing to realize is that 𝜓 is not an eigenfunction since the eigenfunctions contain either odd or 

even powers of 𝜉 only. Therefore, it is a linear combination of eigenfunctions. Looking at the table of 

Hermite polynomials given below, the wavefunction can be written as a linear combination of the two 

eigenfunctions, 𝜓 =  2𝜓1 + 𝜓2. 

a) Since 𝜓0 is not in the sum above, the probability that the particle be found in the ground state is 

zero. For first excited state the probability is the square of the coefficient for the normalized 

wavefunction i.e. 4/5. You get the value 5 when you evaluate 𝑁. 

b) Neither odd nor even. Sum up the two eigenfunctions and see. 

c) Normalization constant is 1/√Σ𝑐𝑖
2. So it comes out 1/√5. The two eigenfunctions are normalized 

so you need not carry out any integrations. 

d) Average energy is given by ∑ 𝑐𝑖
2𝐸𝑖 when the wavefunction is normalized. Plug in the values of the 

energies of the 1st and 2nd excited states. 

e) First order perturbation correction is given by ⟨𝜓|𝐻̂′|𝜓⟩. Since it is a multiplication of odd and even 

functions the integral over all space turns out to be zero. 

 

5. Approximate Methods (5+7) 

a) Calculate the first order correction to energy for a particle in a 1-D box of length 𝑎 with the 

potential 𝑉 = 𝑥/𝑎 inside the box and 𝑉 = ∞ outside. 

b) Consider the one-particle, 1D system with potential energy 

 

𝑉 =
ℏ2

𝑚𝑙2
    for     

1

4
𝑙 < 𝑥 <

3

4
𝑙,             𝑉 = 0    for    0 ≤ 𝑥 ≤

1

4
𝑙    and   

3

4
𝑙 ≤ 𝑥 ≤ 𝑙  

and 𝑉 = ∞ elsewhere.Use the trial variation function, 𝜙1 = √2/𝑙 sin 𝜋𝑥/𝑙 to estimate the ground 

state energy. What result do you expect (to first order) if the potential ℏ2/𝑚𝑙2 is treated as a 

perturbation? Show without actually doing the perturbative calculation. 

 

Answer 5: 

a) First order correction is given by ⟨𝜓|𝐻̂′|𝜓⟩. This gives  

∫ √2/𝑎 sin 𝜋𝑥/𝑎 . 𝑥/𝑎. √2/𝑎 sin 𝜋𝑥/𝑎
𝑎

0

 𝑑𝑥  

The integral can be calculated from the formula given below. 



b) Variation theorem gives 𝑊 =  ⟨𝜙1|𝐻̂|𝜙1⟩/⟨𝜙1|𝜙1⟩. Since 𝜙1 is the normalized ground state 

eigenfunction for the P-I-B use only the numerator.  

𝑊 =  ∫ 𝜙1 (−
ℏ2

2𝑚

𝜕2

𝜕𝑥2
) 𝜙1𝑑𝑥

𝑙

0

+  ∫ 𝜙1

3/4𝑙

1/4𝑙

(
ℏ2

𝑚𝑙2
) 𝜙1𝑑𝑥 

The first term gives the ground state energy for the P-I-B, i.e. ℎ2/8𝑚𝑙2. The second term needs to 

be evaluated.  

∫ 𝜙1

3/4𝑙

1/4𝑙

(
ℏ2

𝑚𝑙2
) 𝜙1𝑑𝑥 =

2ℏ2

𝑚𝑙3
∫ sin2

𝜋𝑥

𝑙
 𝑑𝑥

3/4𝑙

1/4𝑙

=  
2ℏ2

𝑚𝑙3
∫

1 − cos
2𝜋𝑥

𝑙
2

 𝑑𝑥
3/4𝑙

1/4𝑙

=
ℏ2

𝑚𝑙3
 [𝑥 − sin

2𝜋𝑥

2𝑙
]

1/4𝑙

3/4𝑙

=
ℏ2

𝑚𝑙3
 [

𝑙

2
− sin

3𝜋

4
+ sin

𝜋

4
] =

ℏ2

2𝑚𝑙2
 

Look at the first equation 𝑊 =  ∫ 𝜙1 (−
ℏ2

2𝑚

𝜕2

𝜕𝑥2) 𝜙1𝑑𝑥
𝑙

0
+  ∫ 𝜙1

3/4𝑙

1/4𝑙
(

ℏ2

𝑚𝑙2) 𝜙1𝑑𝑥 

This can be written as ⟨𝜙1|𝐻̂0|𝜙1⟩ +  ⟨𝜙1|𝐻̂′|𝜙1⟩. Therefore the perturbation theory to the first order 

must give exactly the same result as the variation method. 

Useful information 

 

ℎ = 6.626 × 10−34 J. s,   𝑚𝑒 = 9.1 × 10−31kg,    𝜖0 = 8.854 × 10−12F. m−1, c = 3 × 108m. s−1  

𝑁𝐴 = 6.022 × 1023 mol−1,     𝑒 = 1.6 × 10−19 C,     𝑚𝑝 = 1.67 × 10−27 kg 

Harmonic Oscillator 

  𝒗 𝑯𝒗(𝝃) 

𝜓𝑣(𝑥) =  𝑁𝑣𝐻𝑣(𝛼1/2𝑥)𝑒−𝛼𝑥2/2  0 1  

 1 2𝜉  

𝛼 = (
𝑘𝜇

ℏ2
)

1/2

 
 2 4𝜉2 − 2  

 3 8𝜉3 − 12 𝜉  

𝑁𝑣 =
1

(2𝑣𝑣!)1/2
 (

𝛼

𝜋
)

1/4

 
 4 16𝜉4 − 48𝜉2 + 12  

 5 32𝜉5 − 160 𝜉3 + 120 𝜉  

 

Useful integral 

∫ 𝑥 sin2 𝑎𝑥  𝑑𝑥 =
𝑥2

4
−

𝑥

4𝑎
sin 2𝑎𝑥 −

1

8𝑎2
cos 2𝑎𝑥 + 𝐶 

 

 


