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min P(u(T))
+(d(t , u(t) , u(t))dtx(u()

Terminal Running Lost
cost
-

subject to J
Total accumulated cost

b(x(to)
,
u(T)) = 0

u(t) = f(t , u(t) , u(t))
boundary constraints continuous dynamics

#min [U(tUman g(t , u(t) , u(t)) = 0
path constraints

Umin = Ult) = Uman

State and control bounds h(t , x(t) ,u(t)) = 0

path constraints
x(to) = 10

,
Y(T) = U +

Initial and final constraints

Three types of algorithms to solve this

Dynamic Programming Indiest Methods Direct methods

Solve HJB Our the Mathematical Transcribe into

conditions that finite-dimensional
entire state space

an optimum must optimisation
Analytic : L&R satisfy

problem

Numerical : Valu ikea (Cov/pmp)
① shooting
②Transcription

③ collocation



T Dynamic programming has been used to compute cost-to-go-

functions over some sequence of states. In CS
, DP provides

fundamental insight in the development of algorithms that

compute optimal solutions to problems. In its original form,
however

,
DP was developed to solve the optimal control

problem. In this setting (optimal control) a discrete set

of equations is replaced by a continuum of stages ,

known as
&

time! The dynamic programming recurrences is instead a

PDE called the Hamilton-Jacobi Bellman (HJB) equation.
The HJB equation is solved numerically , in some cases

it can be solved analytically , eg .
LR.

Pontryagin's Minimum Principle ,

which is derived from DP

principle , generalises optimisation performed in Hamiltonian

mechanics.

HJB equation discrete case

Recall when we had X
,
V discrete

, optimal planning
can be performed by using Dijkstra on the search graph.

Let be the optimal cost to go function and the

dynamics be

states , actions a
,
time n

s(n + 1] = Fd(S(n) , a(n))

8 Id (sin) ,an
↓ S ,

*

(s) = min(la(sa) + 5
*

(fals,all]

#
*

(5) = algoin (
↑
I



HJB equation continuous case

states v
,
actions u

,
time t

i (t) = f , (x(t) , u(t) #
*
(v) = aegmin)]

U

dtl,
M

u 0 = min (l( , u)+ul
LOR special solution for HJB analytically
i = Ax + BU with quadratic cost

D

5(x0
,
u)
=) (n

+
2n + uTRu)dt
-

l(x , u)

Optimal cost-to-go is V(KO) = min J(uo ,4)
ul)

substituting into stationally HJB

VGdP 0 = min (u2x + uRu + Tv()" (Au +Bu)]
Assume quadratic VCo), substitute and differentiate with ,

u
*
=
-RYBYPR = back into HJB ATP + PA-PBRBYP + & = 0

.

T INDIRECT METHODS CARE)
-

PMP provides conditions that an optimal trajectory
must satisfy T

Consider min $(x(T1) + (l(x(t) , u(t))dtU

subject to s = J(x , 4) . Define the Hamitonian as

H (x , u ,x) = l(x , u) + X f(x , u) -
4(t) : auxillary

variable. For unconstrained control Necessary
but

not
0 = oni== - sufficientau



The costate x(t) represents sensitivity of optimal cost-to-go
to a change in the state along the optimal trajectory.

In HJB
,

0 = min (lu) + JV(a)"F(x , u)]

In PMP , H (x ,
u
,
x) = ((x ,

u) + Xf(x , u)

along an optimal trajectoryx(t) = JaV(t , x
*(t)

For finite horizon optimal control , value function depends
on time VCE , n)

For stationary infinite horizon it reduces to V(K)

solution : Minimis u
*

by minimising te Hamiltonian

utas a solution to X

substituteuf into is EX equations



Imagine a robot moving along a straight line from rest at

position O to position Im We are trying to
break curse of
dimensionality by

START GOAL limiting to only

u(t) x(0) to UCT)

↑

0 . 8 da5 dis dis in

p(o) = 0 p(T) = 1

T = 2S

Our states are x(H) = (PCP) ,
u = all

The dynamics are p(t) = v(t)
L

U(t) = U(t)

In state space ( = [8j]/] + 1 :Ju
25 (H) = A U(H + Bu(t)

Our goal is

start from p(o) = 0 , vol = 0

End at p(z) = 1
,
v(z) = 0

-> Use as little acceleration as possible
Continuous time Optimal control problem

min =Pucx(0)
,
u(0)

St p(t) = U(t)
ult = u(t)

P(Ol = 0 , VCOl = O

P (2) = 1
,
U(2) = 0

We will
first derive optimal trajectory using

PMP
,
then

solve the same problem numerically using direct shooting,
transcription and collocation

.



OPTIMAL CONTROL PROBLEM

(Minimise cost subject to dynamics and constraints

⑪ ↓ >
Direct methods

DP/HJB pmp
(Numerical/Optimal value Jun") (Optimality conditions) trajectory

optimisa")

Pmp :

H=
n+ XpU + Xu

The necessary conditions are

[p = - CH = 0 in== p ux

Sinc Xp = constant , Io is first order in
t

u
*
= c

,

t + G2

= u
*
= c

,
t + G => p

*
=+

u
*= E + St

1 = 48 +2
0 =2 + 22

6 = 82
,
+ 1262

6 = 44 = 2=
=> c = - 3
-

2

The minimum
cost

p
*
(t)= E- J

u
*
(t) = St- t

= 0 . 75
u
+ (H) = 3 - It



T DIRECT METHODS : Transform a continuous-time optimal-

control problem into a finite-dimensional optimisation problem.

① Direct Transcription : Optimise state and controls simultaneo,

subject to discretised dynamics.

② Direct Shooting : Optimise the control sequence and

obtain the states through forward simulation

③ DirectCollocation : Approximate the statetrajectory using

polynomials and enforce the dynamics at selected

points.

① Direct transcription T

5 = p(u(T)) + (l(t , u(z)
,
u(t)d +min

x(0)
, u(%) g

S . t . r(t) = f(t , u(t) , u(t)

x(0) = No
,
R(T) = R +

g(t , u(t) , u(t)) = 0

-> Discretive time
,
divide 10 , T] into N Segments

tr = Ret , ot : I
N

Define the discrete variables

Up = u(tr) , Up = u(tr)
- Discretis the dynamics

for
eg forward Eules :

Prt = Upttf (t,k , 4k)
More generally we write

4k+
= Fd(kk

, uk)

- Discretin the cost

Jn = P(un) +of (t,4)



min (UN) + ot(tun
Sur

,
Ma]

S . t . PR+ - Falkr , un) = 0

Vo = Ro
,
UN= +

g(tk ,
4k

,
Yr) = 0

Note the decision vector is [..... Un no, ...., un,]
For UEIRY

, HERM there are (N+ 1) n + Nm Scalar

variables.

② Drist shooting
In direct shooting , only the control tajectory

is parameterised
-> Divide (0 , T] into N intervals

u(H = UK
,

+ e(tr
,
tru)

-> Integrate the dynamics
x1 = fd(20 , 40)

x2 = fd(x , u ,)

:

Un = Ed (kn-
,
Un+)

Consequently Up = Fr (U , No

- The cost is,
N-1

Jw(u)= (f (u , nol) +0 [l(tr
, Fr (4 , Hol , un)

k = 0

min In (u)
U

St . Fw (U
, no) = R +

g(tr , Fb(V, no) , ur) = O



Mayank Sewlia
https://underactuated.mit.edu/trajopt.html



Informal derivation
x(n + 1j = x(n] + hfc(x (n] , u(n)) Eule Integration

↑
time step

la (x , u) = hl
,
(x , u)

Discrete cost to go
: J

*

(1) = min [hc ( , u) + ju + hf cu ,u]
-

5(n)+F
j
*
(u) = 5

*

(n) + min /he , (u) +25hFY

E 0 = min [1c( , ul+* f (l

HAMILTON JACOBI BELLMAN EQUATION j (x(n +1)
where x(n+1j = x(n] +

(HJB) hfc(a(n) , a(n))

For optimal policy ut f(u) = F(x0) + Of (x- 10)
In In

no

0 = l
,
(

,
u
* )+F( Taylor expansion :

*F ,
u
* ) = -lu g(y) = g(n)+ Jg(y -4)

d-l(x,
+t Cy -b)n(u)(y -u)+...

E ↓ [x+ hf(n , u)) = JF(u) +
cost togo running *cost



Linear Quadratic Regulator
x = Ax+ Bu 210 R>O

l(x , u) = x
+

2n + u"Ru

Infinite horizon,

j
*
(u) = nSu

,

S20 -Las
0= min (n2n + uRu+ (Au + Bu]

U

= u
*

= - RBIsu =
- kn

Substituting ut back in
,
O = 2-SBRB's + As + SA

& (x2u + uRu+ Cus(An+Bul] = o
su

2uR + 2nSB = o

uTR = - niSB

Ru = - BISH

u = -R Bisu

nau + n's"BRRRYBisn + 2us(Aud-Brbsu) = o
1T

n2n + us"BRYB"Sn + 2uSAn-2uTSBRBSu =0

(2 + S'BRVB's + 2SA]
ARE

(Algebraic Ricatti Equation)


