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Ultimate Strengths of a Unidirectional Lamina
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Longitudinal compressive strength (o7 )
Transverse tensile strength (o, ),
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Longitudinal Tensile Strength

Assumptions (Mechanics of Materials Approach)

0 Fiber and matrix are isotropic, homogeneous, and
linearly elastic until failure

O The failure strain for the matrix is higher than for the
fiber.

0 When the fibers fails at the strain of (€f )u.l, the whole
composite fails

(GlT )ult = (Gf )unvf + (‘9f )ult E,@-V;)

Stress-Strain Curve for Composite
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FIGURE 3.24
Stress-strain curve for a unidirectional composite under uniaxial tensile load along fibers.




Example

Example: Estimate the delivered fiber strength of the glass fiber in a
glass/epoxy composite with a fiber volume fraction of 55 percent

- Composite: tensile strength = 56 ksi , failure strain = 0.010 (1%)
- Epoxy: tensile qtrength = 7 ksi, failure strain = 0.015 (1.5%), E = 0.60 x 10° psi
611 Gt m.u (Gn)f. m‘vm
(@ )e, o B 220.60 x 106 psi) (0.010) = 6.0 ksi
56 KSi = Gp e (0 S‘i) + (6.0 ksi) (.45)
=97 ksi

' max

Thus, a composite tensile strength of 56 ksi translates
into a delivered fiber strength of 97 ksi.
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Critical Fiber Volume Fraction

[t is also possible that, by adding fibers to the matrix, the composite will
have lower ultimate tensile strength than the matrix. In that case, the fiber
volume fraction for which this is possible is called the critical fiber volume
traction, (V). and is

S > (6 (Vs € e B [ 1= (V)i |

(lv! ) et (GM)J it m(?_,r )..-,-’.' ) (3.]66}
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Experimental Evaluation

Tab length = 38 mm
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FIGURE 3.26

Geometry of a longitudinal tensile strength specimen.

Stress-Strain Curve for a Laminate
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FIGURE 3.27
Stress—strain curve for a [0]: laminate under a longitudinal tensile load. (Data courtesy of Dr.
R.Y. Kim, University of Dayton Research Institute, Dayton, OH).




Failure Under Longitudinal Tensile Load

[0 Brittle fracture of fibers
O Brittle fracture of fibers with pullout

O Fiber pullout with fiber-matrix debonding

Modes of Failure (Longitudinal Tensile Load)

(a) (b) (©)

FIGURE 3.28
Modes of failure of unidirectional lamina under a longitudinal tensile load.

The mode of failure depends on the fiber-matrix bond strength and fiber volume fraction
O  Low fiber volume fractions (< 40%), model (1) failure

O Intermediate fiber volume fractions (40-65%), model (2) failure

O High fiber volume fractions (> 65%), model (3) failure




Failure Under Longitudinal Compressive Load

O Fracture of matrix and/or fiber-matrix
bond due to tensile strains in the

matrix and/or bond
O Microbuckling of fibers in shear or

_ extensional mode
ST O Shear failure of fibers

LTI

FIGURE 3.29
Modes of failure of a unidirectional lamina under a longitudinal compressive load
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Maximum Strain Failure Theory

O If the transverse strain exceeds the ultimate transverse tensile
strain,(g; )ult , the lamina is considered to have failed in the
transverse direction

) = S
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Ultimate Transverse Tensile Strain

T
( c) EI(EZ )ult
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O Empirical Formula

(‘92 )ult _( )ult (1 Vl/S)

0 Mechanics of Materials Formula

(82 )ult (gr-;)ult % E—T—l +1

Shear/Extensional Fiber Microbuckling Failure

Shear/extensional fiber microbuckling failure mode: local buckling models for
valeulating longitudinal compressive strengths have been developed .2
Because these results are based on advanced topics, only the final expressions
are given:

(65)., = min[$;, S5, (3.172)
where
S = 2[. V4 (1-V,) ?'; \{J "f:] F-\‘L ) (3.173a)
and
sy=-Su, (3.173b)
1y,




Shear Stress Failure of Fibers Mode

= A unidirectional composite may fail due to direct shear failure of fibers
(rule of mixture).

(712 )ult = (Tf )unvf =+ (Tm )uIth

= Maximum shear stress

(712 )ult = %(O-lc )ult

(O-lc )ult = 2(712 )ult = Zl(ff )u|tvf =+ (Tm )uIthJ

Factors to Affect the Predicted Values

O Irregular spacing of fibers causing premature failure in
matrix-rich areas

[0 Less than perfect bonding between the fiber and the
matrix

O Poor alignment of fibers

O Not accounting for Poisson’s ratio mismatch between
the fiber and the matrix

[0 Not accounting for the transversely isotropic nature of
fibers such as aramids and graphite




Experimental Evaluation

FIGURE 3.30

Transverse Tensile Strength

Assumptions (Mechanics of Materials Approach)
O A prefect fiber-matrix bond

0 Uniform spacing of fibers

O The fiber and matrix follow Hooke’s law

O There are no residual stress




Representative Volume Element (RVE)
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FIGURE 3.33

Representative volume element to calculate transverse tensile strength of a unidirectional lamina.

Transverse Tensile Strength

Now, bv the definition of strain, the deformations are related to the trans-
verse strains,

8, =s¢,, (3.177a)

&, =de, (3.177b)

8, =(s—d), , (3.177¢)

where €, = the transverse strain in the composite, fiber, and matrix,

respectively,
Substituting the expressions in Equation {3.82) in Equation (3.81), we get

€, =‘fs.+[1—-‘f]s,,. (3.178)

s s




Transverse Tensile Strength

Ee =E¢€,. (h

Substituting the expression for the transverse strain in the fiber "

Iquation (3.178), the transverse strain in the composite

d L, d .
e,=|\r'+[l-\]Fm. (ENET

If one assumes that the transverse failure of the lamina is due to the Ll
of the matrix, then the ultimate transverse failure strain is

O o L o

where (¢),),, = ultimate tensile failure strain of the matrix.
The ultimate transverse tensile strength is then given by

(Ui dait = ‘I_(*_ Doies (hlnn

Transverse Compressive Strength

3.4.4 Transverse Compressive Strength

Equation (3.182), which was developed for evaluating transverse el
strength, can be used to find the transverse compressive strength. or
lamina. The actual compressive strength is again lower due to impeite
fiber/matrix interfacial bond and longitudinal fiber splitting. Using <o
pressive parameters in Equation (3.182),

(G.E’..}ufr - I'::(Sg }_-.;;. R
where
- 1E, d .
{".g = " - 1—- 2 N L
(€2). SE, +( s] £5)u e

(€5,).. = ultimate compressive failure strain of matrix.




In-Plane Shear Strength

A=A +A (3.185)

By definition of shearing strain,

A =s(y)., (3.186a)
A, =d(y), (3.186b)

and
A, =(s=d)y).. (3.186¢)

where (¥2), ., = the in-plane shearing strains in the compuosite, fiber, and
matrix, respectively.
Substituting the Equation (3.186a-c} in Equation (3.185),

{
(Vo). = r (Yiz)s "[I ! ](T::)m- (3.187)

s s

In-Plane Shear Strength

(Y20 G =10 ): G, (3.188)

Substituting the expression for (y,,), from Equation (3.188) in Equation
(3.187),

- I
(7). = [ s ‘[ - ”(Tw.!..- (3.189)

s G, 5

If one assumes that the shear failure is due to failure of the matrix, then

1G,, d
t.«-(:. +[1- _]]W..:J.,-;.-r- (3.190)

(i) =

where (V,,),, ., = ultimate shearing strain of the matrix.

The ultimate shear strength is then given by

(Ti2dur = Gaal¥ 12 ),
- 7 (A0
=G, H(J‘ +(1—‘—_]]w,)




[S\ Longitudinal Thermal Expansion Coefficient

the longitudinal direction under a temperature change of AT. If only the
temperature AT is applied, the unidirectional lamina has zero overall load,
F,, in the longitudinal direction. Then

F=0,A =0=06,4,+0,A, (3.196)
oV, +o,V, =0, (3.197)

where
A, ., = the cross-sectional area of composite, fiber, and matrix,
respectively
G, = the stress in composite, fiber, and matrix, respectively

Although the overall load in the longitudinal direction 1 is zero, stresses

are caused in the fiber and the matrix by the thermal expansion mismatch
between the fiber and the matrix. These stresses are

a,=E,(e, —o,AT), (3.198a)

o, =L (c,—o,AT). (3.198b)

[SX Longitudinal Thermal Expansion Coefficient

AT fil

o, EV, va EV,
T OBV +EV,

For free expansion in the compaosite in the longitudinal direection 11l
longitudinal strain is

B, =, AT, (L
Because the strains in the fiber and composite are also equal (g, = £), from
Equation (3.199) and Equation (3.200),

Using Equation (3.34) for the definition of longitudinal Young’s modulus,
= ;! (0, V, +e,E V. ). (3.201)
1
The longitudinal coefticient of thermal expansion can be rewritten as

- V.. (3.202)
I3

‘ {u.[. ]F '[‘,u_;; \ = Rule of mixtures approach
o ' E )

= Predictions agree well with
which shows that it also follows the rule of mixtures based on the weighted experlmental data

mean of ok /E, of the constituents,




Transverse Thermal Expansion Coefficient

Due to temperature change, AT, assume that the compatibility condition that
the strain in the fiber and matrix is equal in direction 1 — that is,

€,=€,=¢€, . (3.203)

=E; € (3.204)
<[, (o —a, JAT
and the stress in the matrix in longitudinal direction 1 is

(o, ;l] =K, {E )

=E, &, (3.203)

Wi

=-E,(a,-o,)AT.

Transverse Thermal Expansion Coefficient

v, (o)

EEr: =0, AT - A (3.206)
Va (0],
(=), =a,AT- f: - (3.207)

The transverse strain of the composite is given by the rule of mixtures as
e,=(e ), V,+(e,).V, . (3.208}

Substituting Equation (3.206) and Equation (3.207) in Equation (3.208),

v, E, {.l't, -, ].-‘\'I'
g, = | AT - e |V,

E,

H oo, AT v, (3.209)




Transverse Thermal Expansion Coefficient

€= 0,AT (3.210)
we get
o, = l o, -V, (o -0, }I V, +[rx,,, v, (o, —a )Jlf',,_ } (3.211)
Substituting
Vi = v,V 4,V (3.212)
in the preceding equation, it can be rewritten as
oy =(1+v, oV, +(14v, oV, — v, . (3.213)

Longitudinal Coefficients of Moisture Expansion

h=0A =0=0,4,+0,A,, and

oV, +a,V, =0, (3.220)
where
A, = thecross-sectional areas of the fiber, matrix, and composite,
respectively

Gy, = the stresses in the fiber, matrix, and composite, respectively

The stresses in the fiber and matrix caused by moisture are

6, =E,(e,~P,AC,), (3.221)

o, =FE (e, -B.AC,) . (3.222)

Substituting Equation (3.221) and (3.222) in Equation (3.220) and knowing
that the strains in the fiber and matrix are equal (g, = €,),

B,AC,V,E, +B,AC,V,E,
E, = .
EV,+EV,

(3.223)




Longitudinal Coefficients of Moisture Expansion

e, =B,AC. (3.224)

where AC, = the moisture concentration in composite.
Because the strains in the fiber and the matrix are equal,

_ B‘AC' VE t BH.'ACH:Vur:Eu:
- (F,V,+EV)AC,

B,

Equation (3.225) can be simplified by relating the moisture concentration
in the composite (AC)) lo the moisture concentration in the fiber (AC)) and
the matrix (AC,,).

The moisture content in the composite is the sum of the moisture contents
in the fiber and the matrix,

AC,w, = AC,w, +AC,w (3.226)

m

Longitudinal Coefficients of Moisture Expansion

AC, = AC,W, +AC,W,, , (3.227)

where W, = the mass fractions of the fiber and matrix, respectively.
Substituting Equation (3.227) in Equation (3.225),

BJ'ACI'VFF_." + BJ-rACrJJ v-uF-u {,-5 228}
(E,V,+E,V, AC,W, +AC,W, )’ o

LI

512

Using Equation (3.4) and Equation (3.34), one can rewrite Equation (3.228)
in terms of fiber volume fractions and the longitudinal Young’s modulus as

- B.AC,V,E, +B,AC,V,E,
- E](AC;p! v.f + 6Cmpru V.-u]

(3.229)

By




Transverse Coefficients of Moisture Expansion

Vr(l tv f )ACI’B f + V;:r(] + \"nr)ACanm
(V;..-p'.uACm + V_Fp_:' AC: )

B, = p. —Bviz, (3.215)

where
AC, = the moisture concentration in the fiber, kg/kg (1b/1b)
AC,, = the moisture concentration in the matrix, kg /kg (Ib/1b)
B, = the coefficient of moisture expansion of the fiber, m/m/kg/
kg (in./in./1b/lb)
B,, = the coefficient of moisture expansion of the matrix, m/m/
kg/kg (in./in./1b/Ib)




