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Abstract—This article explores the design of a feedback con-
trol scheme to eliminate impulses from state trajectories and
simultaneously stabilize a leader-follower networked descriptor
system. Assuming that the dynamics of individual descriptor
systems is only impulse-controllablizable, as opposed to impulse-
controllable, we propose a distributed proportional-derivative (P-
D) feedback control for follower agents and a local P-D control
for the leader agent. Furthermore, we present a method for
designing the proportional and derivative feedback gain vectors,
which ensures that the response of the closed-loop system is stable
and impulse-free. The effectiveness of the proposed control design
is demonstrated through a numerical example and a networked
rolling mass—spring—damper system.

Index Terms—Networked dynamical descriptor system, multi-
agent system, distributed control, P-D control, impulse elimina-
tion, stabilization.

I. INTRODUCTION

In recent years, research in the field of networked dynam-
ical systems has become increasingly popular due to their
numerous applications in sectors such as power networks
[1], multi-vehicle robotic systems [2], space industries [3],
etc. A networked dynamical system is a group of multiple
dynamical systems, known as agents, that work in a coor-
dinated manner to achieve some collective objectives, such
as consensus, internal stabilization, leader-follower synchro-
nization, formation, and surveillance (see [2], [4]-[6] and the
references therein). The agent dynamics is usually represented
using ordinary differential equations. However, when agent
dynamics involves differential and algebraic equations, it
can effectively be represented as a descriptor system (DS).
Examples of such systems are power networks [1], robotic
manipulators [7, Section 1.2.4], biological systems [8] and
cyber-physical systems [9]. A network of such systems is re-
ferred to as a networked dynamical descriptor system (NDDS).
The state/output response of an NDDS may exhibit impulsive
behavior, characterized by extremely large transient responses
[7], [10]. Such behavior may cause saturation or physical
damage to system components and is therefore undesirable
in practical applications.

Most of the existing literature on NDDS considers consen-
sus as a collective control objective [11]-[13]. For instance, in
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[11], [12], relative output-based static and dynamic feedback
control protocols were proposed for each agent to achieve
consensus. Necessary and sufficient conditions were also pro-
vided for the existence of such control architectures. Authors
in [13] proposed a hybrid control architecture, which was a
combination of event-triggered and impulsive controllers, to
achieve consensus in an NDDS. Further, the cooperative output
regulation problem was also discussed in [14]. Considering
signed interaction among the agents, the problem of bipartite
consensus [15] and bipartite containment control problem
[16] have also been explored. Furthermore, within a leader-
follower framework, synchronization with speed regulation
[17], and under actuator attacks [18] have been addressed.
Most of these results, pertaining to the problems of consensus,
bipartite consensus, and output regulation, assume that the
individual DSs are impulse-free. Although some recent articles
on leader-follower synchronization [17], [19] have relaxed
this assumption, they still consider impulse-controllability of
individual agents in order to eliminate the impulses using
control laws that rely on absolute state measurements.

However, in a network of DSs, it is often more practical
to utilize relative state information, as it does not rely on
a global reference frame. Furthermore, the assumption of
impulse-controllability is well-known to be quite restrictive
in practice (see, for example, [20, Section 5.6.1], [21]). In
this paper, we supplant this restrictive assumption with the
more relaxed notion of impulse-controllabilizability. While
this relaxation broadens the scope of our approach, note that
in this situation, pure state feedback is rendered insufficient
to eliminate impulsive responses [7, Proposition 7.1]. This
necessitates the proportional-derivative (P-D) state feedback
control [7, Proposition 7.3]; we utilize such a P-D feedback
crucially in this paper, albeit in a distributed fashion.

The impulse elimination problem for a single DS under
the assumption of impulse-controllabilizability has been well-
studied in [7, Section 7.5], [22], where P-D feedback control is
designed to eliminate impulses. Recently, derivative feedback
was also used in the NDDS setting to increase the dynamical
order of the synchronization error dynamics [23]. However, to
the best of our knowledge, the problem of impulse elimination
and stabilization for NDDS, when individual agents are not
impulse-controllable, but merely impulse-controllabilizable,
remains an open problem. The intricacy of the problem is
further underscored by the use of relative state information.

These observations motivate us to address the impulse
elimination problem in NDDS without assuming impulse-
controllability of individual agents. We consider a network
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of homogeneous DSs with one leader and multiple followers,
where communication is bidirectional and at least one follower
is pinned to the leader. Using Weierstrass’ canonical decompo-
sition [7, Section 3.2], we decouple the NDDS dynamics into
slow and fast subsystems. Since the slow subsystem is always
impulse-free, we focus on the fast subsystem. To achieve
an impulse-free and stable response in closed-loop NDDS,
we propose a distributed P-D state feedback control for the
followers and a local P-D control for the leader.

It is important to note, however, that achieving both im-
pulse elimination and stabilization, using relative state infor-
mation, introduces significant challenges. In particular, the
distributed control strategy designed for impulse elimination
results in closed-loop dynamics governed by the graph Lapla-
cian, whose nonidentical eigenvalues introduce heterogeneous
system modes. Hence, stabilizing the overall NDDS while
using identical feedback gain for individual DSs becomes a
nontrivial problem. To address this, we propose a method to
design the derivative and proportional feedback gains K4 and
K, respectively, and prove that a suitably chosen K, ensures
an impulse-free response, while K, ensures stability.

Notation: The following notation is adopted in this article:
®: Kronecker product, det(A): determinant of matrix A,
[A;j: (i,7)"" element of a matrix A, deg(p(s)): degree of
polynomial p(s), diag{-}: a diagonal matrix, blkdiag{-}: a
block diagonal matrix, o(A, B): finite eigenvalues of regular
matrix pair (A4, B), I,.: the identity matrix of size (r xr), C™:
the open left half of the complex plane, C: complex plane.

II. MATHEMATICAL PRELIMINARIES AND PROBLEM
FORMULATION

A. Descriptor systems

Consider a descriptor system of the following form:
Ei(t) = Az(t) + Bu(t), (1

with initial condition #(0) = zo € R", where E € R"*"
is a singular matrix, x(¢) € R™ and u(t) € R are the state
and input vectors, respectively. The DS (1) (or the matrix pair
(E, A)) is called regular if the polynomial, p(s) := det(sE —
A) is not identically equal to zero, that is, p(s) # 0. The set
of finite eigenvalues of the system (1) are the roots of the
polynomial p(s), that is, o(F, A) := {\| A € C, p(\) = 0}.

Definition 1: [10, Section 1-4] A linear descriptor system
of the form (1) is said to be impulse-free if its zero-input state
response, starting from any initial condition, does not contain
Dirac-impulse terms.

Proposition 1: [7, Theorem 7.1 & 7.2] For the regular
descriptor system (1), the following statements are equivalent:

1) The system is impulse-free.

2) rank [§ 9] =n + rank(E).

3) deg{det(sE — A)} = rank(E).

Definition 2: [10, Definition 2-2.3] The regular DS (1) is
impulse-controllable if, for any vector xo € R", there exists
a sufficiently smooth control input w(t) such that the terms
containing the impulsive part in the response of (1) vanish for
allt > 0.

Proposition 2: [10, Theorem 2-2.3] The regular DS (1)
is impulse-controllable if and only if the following relation
holds: rank [§ % 9] = n + rank(E)

Definition 3: [7, Definition 7.2] The regular DS (1) is said
to be impulse-controllablizable if there exists a control gain
vector K4, such that the system (1), with control input u(t) =
K4(t), is impulse-controllable.

Proposition 3: [10, Theorem 3-2.4], [7, Theorem 7.10] The
regular DS (1) is impulse-controllablizable if and only if the
following relation holds: rank [§ % 9 5] = n+rank [E  BJ.

B. Graph theory

Consider an undirected connected graph G(V, &), where

V = {vp,v1,-+-,v.} and £ C VYV x V are the sets of vertices
and edges, respectively. Let a graph G(V, ) be constructed
from the graph G(V, &) by removing the vertex vy and the
edges, which are incident on vy. Clearly, G(V, £) is a subgraph
of the graph G(V, &), thatis, V C V and € C €. The neigh-
borhood of a vertex v; in graph G(V,€) is given as: N :=
{vj € V| (vi,vj) € E}. The weight of the edge, w;; > 0,
between the vertices pair (v;,v;) and (v;,v;) are the same, that
is, w;; = wj;, and w;; = 0 (no self-loops). Then, an adjacency
matrix A(G) € R"™*" is defined for G(V, ), where its (i, j)!"
’U.)ij, lf (’Ui,’l)j) S g,
0, otherwise.
a degree matrix D(G) of G(V,€) is defined as: D(G) :=
diag{d;,ds,---d,}, where d; := ZjEM w;; for j # i is
weighted degree of vertex v;. A Laplacian matrix £(G) of
G(V,€) is defined as: L(G) := D(G) — A(G) [24].

element, as: [A(GQ)];; = Further,

C. Problem Formulation

Consider a network composed of r + 1 identical regular
descriptor systems. The dynamics of the i descriptor system

can be expressed as follows:
Exz;(t) = Az;(t) + Bu;(t), )

for i = 0,1,---,r, where E € R™ ™ is a singular matrix,
Z;(t) € R™ and u;(t) € R are the state and input vectors of
the 3t agent, respectively. For the NDDS (2), there exist two
nonsingular matrices S € R™"*™ and T € R™*™ [7, Section
3.2], [10, Section 1-3.1], such that the following Weierstrass
canonical decomposition of NDDS (2), for ¢ = 0,1,---7 can
be obtained:

j’.si (t) = sti (t) + Bsui(t)7 (3)
Niy(t) = zi(t) + Bu,(t), 4)
where
= I,, 0 - |J 0 = | Bs
SET — {0 N}, SAT — [0 IJ, SB = M

and T~'z; = [z 2T with ny+n = ii. The subsystem (3)
is a standard linear system, which guarantees an impulse-free
response for arbitrary initial conditions. However, subsystem
(4) exhibits an impulsive response, as detailed in [7, Section
3.4], [10, Section 1-4]. Therefore, we focus on the subsystem

(4) to address our problem.
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Considering the dynamics in (4), it is assumed that the agent
indexed by ¢ = 0 is the leader, and the remaining r agents
for ¢ = 1,2,---r are followers. The interactions among the
agents are assumed to be bidirectional and represented using
a fixed undirected graph. We are interested in addressing the
following problem.

Problem 1: For a given NDDS with leader and follower
dynamics as in (4), design feedback control protocols w;(t) for
all the agents such that the following objectives are achieved
in the response of the closed-loop system.

i) The state response x;(t) for ¢ = 0,1,---r is free from
Dirac-impulse terms.

ii) The finite eigenvalues of the closed-loop system lie in
C~.

III. IMPULSE ELIMINATION AND STABILIZATION OF
NDDS

To address Problem 1, we consider the following assump-
tions on the dynamics of each agent represented in (4):

A1l The matrix N € R™*" is a Jordan nilpotent matrix with
index n (N™ = 0 and N"~1 # 0). Therefore, all its
entries on the first superdiagonal are 1, and all other
entries are 0.

A2 The triad (N, I,,, B) is impulse-controllablizable.

Note that assumption A1 is not restrictive in nature, as there
exists a similarity transformation matrix [25, Lemma 8.40]
which can transform a nilpotent matrix of index n to the Jordan
nilpotent form used in assumption Al. On the other hand,
assumption A2, as mentioned earlier, relaxes the restrictive
assumption of impulse-controllability. Recall that this allows
the use of an appropriate feedback mechanism to modify the
system dynamics so as to ensure impulse-controllability of the
closed-loop system.

Proposition 4: Consider the NDDS (4), where the matrix
N satisfies assumption Al. Let the input matrix be B =
[b1 by -+ by_1 by|T. Then the triad (N, I,,, B) is impulse-
controllable if and only if b,, # 0.

Proof: Since N satisfies Assumption Al, it is a Jordan
nilpotent matrix of index n with rank(N) = n—1. Consider the
triad (N, I,,, B). By defining By, := [by ...b,_1]T € R*72,
the following relation holds:

0Tn2000 0 0
0 0 100 0 0
NOO]_ 0 0 000 0 O
rank [V § B]=rank [] ¢ 001 0 & |- &
0 In_2 000 In_3 Ban
0 0 100 0 by

In (5), carrying out necessary elementary column operations
with the pivots, as highlighted in the matrix, to create zeros
in the respective rows, we obtain:

rank [ R B]l=n—-2)+1+1+(n—-2)+1=2n—-1,

if and only if b, # 0. Since rank(N) = n — 1, it follows
that rank [ & 3] = n + rank(N). On the other hand, if
b, = 0, then rank [ § %] = 2n — 2, which is less than
n + rank(NV). Hence, according to Proposition 2, (N, I,,, B)
is impulse-controllable if and only if b,, # 0. ]

We are interested in the case where impulse-controllability
does not hold, which is equivalent to b, = 0, as shown in
Proposition 4 above. In that scenario, the following result
shows that b, _; # 0 is a necessary and sufficient condition
for impulse-controllabilizability.

Proposition 5: Consider the system (4). Let the input
matrix be of the form B = [b1~~bn_1 O]T. Then, the
triad (N, I,, B) is impulse-controllabilizable if and only if
bn—l 7£ 0.

Proof: Define By, = [by---b, 2|7 € R"2. Under
assumption A1, the triad (N, I,,, B) satisfies:

01,2000 0 0 B,

0 0 100 0 0 bu

N0 0B _ 0 0 000 0 0 O
rank [ y o] =rank [ § 0 080 O s o |- ©

0 In-2 000 Tu_3 Bap O

0 0 100 0 0 0

In (6), using the similar elementary column operations as in
(5), we have: rank [}¥ S B 5] = (n—-2)+1+ 1+ (n—
2) +1 = 2n — 1, if and only if b,_; # 0. Furthermore,
it is easy to see that rank[N B] = n — 1. Thus, we have:
rank [ & & §] = n+rank[N B] = 2n — 1. Moreover, if
b,,—1 = 0, we have: rank [}X }\), g ’g] = 2n — 2, which is less
than n + rank[N B]. Hence, by Proposition 3, (N, I,,, B) is
impulse-controllabilizable if and only if b,,_1 # 0. [ ]

We assume throughout the remaining part of the paper
that b, 1 # 0 and b, = 0, since we are interested in the
case where (N, I,,, B) is not impulse-controllable but impulse-
controllabilizable.

In order to achieve the dual objectives of impulse elimina-
tion and stabilization, we now split the control input, wu;(t),
for ¢t =0,1,---r, into two constituent signals as:

wi(t) = uf () + uj (t). (7

These two signals for the agents are defined as follows.

ug(t) = —Kqio(t), (8a)

uf(t) = Kq Y [wij (&) — &) + miio — #:)],  (8b)
JEN;

ug(t) = Kpwo(t), (8¢)

ui(t) = —Kp > [wij (x5 — ;) + mi(xo — ;). (8d)

JEN;

Recall that ¢ = 0 corresponds to the leader agent, while
i =1,2,---r correspond to the follower agents. In (8), K4 €
R and K, € R'™ are the derivative and proportional
feedback gain vectors, respectively, w;; is positive edge weight
between vertices v; and v;, and m; is the weight between the
vertex vg and its 7*" neighbor vertex v;. Using this control
input, as defined in (8a) and (8b) above, in (4) now, we get
the resulting dynamics of the leader and follower agents as
follows:

(N + BKd)i‘o(t) = l‘o(t) + BuS(t), (9a)
Ni;(t) = x;i(t) + BK4 Z [wij (&5 — &;) + myi(To — &;)]
JEN;

+ Bui(t), fori=1,2,---r (9b)
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Define the following vectors: xo(t) := [#d zl 37T e
R wi(t) = g up e W) € R xi(t)
[z 3 - af1", wi(t) == [uf uj --- uf]". Further, define a

matrix L4 as: L, 7::75 + M, where L is the Laplacian matrix
of the subgraph G(V, ) and M =diag{my, ma---m,}. The
weights m;, for ¢ = 1,2,...,r, are defined as follows:

1 if the leader agent is communicating with the
it? follower agent
0 otherwise.

(10)

Then, the dynamics in (9) may be represented as follows:
{I, ® (N + BK )} %o (t) = x0(t) + (I ® B)ug(t), (11)
(Ir @ N)%s(t) = x(t) = (I © BKq)(Ly @ ) (X5 = X0)
+ (I ® B)u}(t). (12)

Now, by grouping the terms of X7 in (12), it follows that:

(Ir ® N + Lg ® BKd)).{f(t)f(Eg ® BKd)).Co(t) = Xf(t)

+ (I, @ Byuj(t).  (13)
Define the vectors x(t) := [xq(t)T xf(t)T]T € R?™ and

u(t) = [uj(t)” u}(t)T} € R?". Then, using (11) and
(13), the NDDS with external input u(t) is given by:

Nx(t) = Acx(t) + Beu(t), (14)
where
N. — I.® (N + BKy) 0
¢ —L,® BK4 (I, ® N)+ L, ® BKq|’
| ® 1, 0 _[I,eB 0
o A R L L e |

Note that A, as defined above, is an identity matrix of size
2rn. It follows that det(sN. — A.) is not identically zero,
making the NDDS (14) regular. Indeed, otherwise det(sN. —
A ) would evaluate to zero for all s € C. However, det(sN.—
A.) evaluated at s = 0 is equal to det(—A.), which clearly
is nonzero since A is the identity matrix, as noted above.

A. Design of K, for Impulse Elimination

To eliminate impulsive behavior in the NDDS (14), we first
present an auxiliary result in Lemma 1. Then, we design the
derivative feedback gain vector K4 such that (14) is impulse-
free. Moreover, in Theorem 3, we show that the external
input, u(t), does not affect the impulse-free property of NDDS
achieved through the design of K.

Lemma 1: The matrix £, is nonsingular.

Proof: The matrix £, has strongly connected property
[26, Theorem 6.2.14]. Moreover, L, is diagonally dominant,
that is, [[Lglj;1 > >0, 4l[Lglskl, ¥V & = 1,2,--- 7. Since
L, = L+ M, for the i'" row of L,, we have: |[L,];i]|=
ZZ:l,k;ﬁz’H‘CQ}ik|+mi' As the leader is pinned to at least one
follower, there exists an ¢ such that m; = 1 (see (10)). Thus,
for that i*" row of L, we have: [[Lg]ii|> YT4_y sl [Lolik]-
By [26, Corollary 6.2.9], a strongly connected diagonally
dominant matrix that has at least one strictly diagonally
dominant row is nonsingular. Thus, £, is nonsingular. ]

Theorem 1: Let the gain vector Ky be of the form Ky :=
[ka, ks ka,], where kq, € R for i = 1,2,---n
Then, there exists a K4 such that the NDDS (14) is impulse-
free if and only if kg4, # 0.

Proof: Tt follows from [7, Theorem 7.2] that a regular DS
of the form (14) is impulse-free if and only if the following
relation holds:

rank [N 0 (15)

AN } = 2rn + rank(N.).

Since L, is a symmetric matrix, there exists an orthogonal
matrix ) € R™*" such that

QTﬁgQ = EA = diag{)‘lu )‘27 Y A’r‘}a

where \; for i = 1,2,---r are eigenvalues of the matrix L.
Since L, is a nonsingular matrix (see Lemma 1), we have \; #
0, Vi=1,2,---r. Define the following two representations of
N and B under assumptions A1 and A2 (see also Propositions
4 and 5) as follows:

(16)

In—2 Bn

N:[g 5 ﬂ, Bz[bnl_l}, (17a)
0O 0 O 0
0 e? 0 b1

N=|oN sensl, B:[an], (17b)
0 0 0 0

where N,,_, € R(=2x(n=2) i a npilpotent matrix, which
satisfies assumption Al, e; = [1 0---0]T € R" 2, ¢, 5 =

0---0 1] € R"™2, By, = [by by -+ by’ € R"72,
By, = [by b3 ---b,1]7 € R"2 and b; € R for
i = 1,2,---n — 1. Note that (17a) and (17b) above show

two different representations of the same matrices N and B.
Furthermore, considering the orthogonal matrix () as in (16)
and the definition of N, as in (14), the following relation
holds:

rank(N..)

_ QT®I, 0 I,®(N+BKqa) 0 QeI, 0

_rank[ 0 QT®ITJ { 755]@3[@ N022i| { 0 Q®Ini|

= rank [ Q" Q®(N+BKa) 0 }
—(QTLyQ®BKs  (QTQON)+(QTL;QRBK,)

Using (16) and the fact that Q7'Q = I,., we have:

_ I,®(N+BKy) 0
rank(N,.) = rank [ A @BK. (1T®N)+(£A®BK“}

N+BKg 0 ]

= r rank [—AiBKd N+X;BKqy

(18)

Now, using the structure of matrices N and B, as in (17a),
the rank relation in (18) may be expressed as follows:

r Binka, In-20 0 0 o
bpo1ka;, O 1 0 0 o
_ 0 0 0 0 0 0
rank(N.) = r rank —AiBinka, 0 0 A;Binka, In_20
~Aibp—1ka; O 0 Xbp_ika, O 1
L 0 0 o 0 0 o
(07,500 0 0
_ 00 10 0 0
=rrank |G g 507, ,0
0 0 00 0 1
=r(n—2414+n—-2+1)
= 2rn — 2r. (19)

Define the following matrices: Q :
®

blkdiag{Q ® I,,,Q ®
I,,Q®1,,Q®1I,}, N, (£

) Q®BKd) N622 =

C22 = (
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(I, ® N)+ (LA ® BK,). Note that @ is an orthogonal matrix.
Then, the following rank relation holds:

rank {NC 0 ]

A:. N

= rank QT [ic 1\? ] Q

I, ®(N+BKg4) 0 0 0
B ~T | —L,®BK4 Ne,, 0 0o | A
= rank @ [ 1,®In o new+BKy o |€
0 1,&l, —L,®BKgq Ney,
I,®(N+BKg) 0 0 0
B —LA®BKg Ney, 0 0
= rank &I, 0 IL,®N+BKg) 0 (20)
0 1@, —LA®BK, Ney,

Upon expanding the Kronecker products in (20), the diagonal
block matrices N + BK4, N + \; BK, appear r times along
the diagonal. This implies (20) may be rewritten as follows:

N. O
rank
{AC N.
N+BKgy4 0 0 0
_ —XNiBKq N+X;BKjy 0 0
= r rank 7 o NABK, 0 . (21
0 I, —X;BKy; N+M\;BK4

Let kq, # 0. Then choosing Kq = [kg, 0 --- 0], and
considering the structures of NV and B as in (17a), (17b), the
rank relation in (21) can be expressed as in (22) (see next
page). Scanning through the rows of the matrix in (22), we
get:

N, O
rank[AC NC]—r(n—2—|— 1 4+ n-2
Row;Col,  RowzCol1 3 Row,Cols
+ 1 + 1 + n—2 + 1
R0W5C011,4Y6 Row~Colg RowgColg o RowgCol3
1 —2 1
+ + n + )

RowipColi1  RowiiColii,12  Rowi2Colg

=r(4(n —2) +6) = 4rn — 2r. (24)
In (24), Row;Col; denotes the corresponding rank contribution
from the entry in column j of the i™ row, whereas Row;Col; 1,
denotes a joint rank contribution from the entries in columns
5 and k of the i™ row.

From (19) and (24), it is clear that the rank relation in (24)
equals 2rn + rank(N,). Thus, the equivalent condition for
impulse elimination, as in (15), is satisfied with the chosen
K. This establishes sufficiency.

Next, consider kg, = 0, leading to K4 = [0 Kg,, ka,|.
where K4, = [ka, - ka,_,] € RY(=2) Furthermore, we
define the following notations:

Bi,Kg,, : = B*K*, Bi,kg, == B*k*, b, 1Ky, =b"K*,
bo_1ka, : =b*k*, ei = el + \ib1Ka,,, €5y := Nibika

n 7

-
621.—

Then, using (17a) and (17b), the rank relation in (21) may
be expressed as in (23) (see next page). Scanning through the
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n—2+ AiBanKa,,, €59 :=e€n_2+ X\iBonka,.

5
rows of the matrix in equation (23), we get:
N. 0
rank {Ac NJ =r[(n—2)+1+n—-2)+1+1
+(n—=2)+1+(n—2)]
=4rn — 4r. (25)

Using (19) and (25), it is clear that the rank of the matrix in
(25) is less than 2rn + rank(N.). This implies that kg, # 0
is necessary for impulse elimination. [ ]

B. Design of K, for Stabilization of NDDS
We now utilize the control u(t) =
[ug(t)T u; (t)T]T to render the system (14) stable,
where ugj(t) and uj(¢) are given by (8c) and (8d) as follows:
ug(t) = (I, ® Kp)xo,
u;‘(t) = (L4 ® Kp)(xf — X0).
Using the control signal, u(¢), the overall closed-loop system
is represented as:

signal

(26)

N.x(t) = Ax(t), 27
where N, is the same as in (14), and

A, — I, ® (I, + BK,) 0

£, 9 BK, (I.® 1)+ (L, BK,)|"

Define the polynomials p;(s) for i = 1,2,---r, and p(s) as:
pi(s) :=det[s(N + \;BKy) — (I, + \iBK,)], (28)
p(s) :=det [s(N + BKy) — (I, + BK},)]. (29)

Then, the following result holds.

Lemma 2: The finite eigenvalues of the matrix pair (N, A.)
are the roots of the polynomials p(s) with multiplicity r and
the roots of the polynomials p;(s) for i = 1,2,---,r, that is,

o (Ne, A.) = roots ([p(s)]” le(s)> ,

where, roots(-) represents the set of roots of a polynomial.

Proof: Let us consider the closed-loop system (27). The
finite eigenvalues of the matrix pair (N, A.) are the roots
of det(sN. — A.) = 0. From the structure of N and A., it
follows that:

det(sN. — A,) =
det (s(([r ®N)+ (L, ® BKd)> Loy + Ly ® BKp))
det (Ir ® s(N + BEg) — I, ® (I, + BKp)). (30)

Now L, is a symmetric matrix. Using the orthogonal matrix @
(refer to (16)) as a similarity transformation and the definition
of p;(s) in (28), we obtain:

det (s(([r D N) + (Ly ® BKg)) — (Inr + L4 @ BK,,))

= [T et (s(N + \BEQ) — (I + ABKy) ) = [ i(9)
i=1 =1
(3D
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[ Binka, In—20 0 0 0 0 0o 0 0 0 0
bo—iks, 0 1 0 0 0 0 0 0 0 0o 0
0 0 0 0 0 0 0 0 0 0 0 0
~XiBinka; 0 0 XiBinkq, In_20 0 0 0 0 0 0
N. 0 Aibn_1ka; 0 0 Xby_1ka; O 1 0 0o 0 0 0o 0
c 0 0 0 0 0 0 0 0 0 0 0 0
rank |:Ac NJ = r rank 1 00 o0 0 0 bk, e 0 0 0 0 (22)
0 In_g 0 0 0 0 ank‘dl Nn_2 €n—2 0 0 0
0 0 1 0 0 0 0 0o 0 0 0 0
0 0 0 1 0 0 —Xibika, O 0  Nibikg, €I 0
0 0 0 0 1"72 0 7)\1'32"]()(11 0 0 )\iBQ-,Lkdl N”72 €n—2
L 0 0 0 0 0 1 0 0 0 0 o 0 J
0 In_2+B*K* B'k* 0 0 0o 0 0 0 00 017
0 VK 146" k* 0 0 0 0 0 0 00 0
0 0 0 0 0 0 0 0 0 00 O
0 —X\B*K* —X\B*k* 0 I,_o+XNB*K* X\;B*k* 0 0 0 00 0
0 =MD K*  —XDET 0 NBTK* L4HAbET 0 0 0 00 0O
N. O 0 0 0 0 0 0 0 0 0 00 0
rank | ° o | =7 rank | 0 0o o 0 0 0 eTtbiKay, bika, 0 0 O (23)
¢ ¢ 0  In—2 0 0 0 0  0Nn_2+B2,Ka,, en—2+Banks, 0 0 0
0 0 10 0 0 0 0 0 00 0
0 0 0 1 0 0 0 7)\ib1Kd2n 7)\#71](5,1” 0 eIl 8’{2
0 0 0 0 In72 0 0 7)\iBZan2n 7)\iB2nkdn 0 e;l 6;2
Lo 0 0 0 0 10 0 0 00 0 -
Similarly, using the property det(I,. ® X) = det(X)", and the function be given as: G(s Then, for the unity
definition of p(s) in (29), we obtain: feedback configuration shown in lg‘lgure 1, the charactenstlc

det (Ir ® s(N + BEKy) — I, ® (I, + BK,,))
= [det (s(N + BKq) — (I + BK,) )| T ps)]. (32)
Substituting (31) and (32) into (30) yields:

sz

Therefore, the finite eigenvalues of the matrix pencil (N, A..)
are given by o(N,, A.) = roots ([p(s)]" [T;—; pi(s)). [ |

The polynomial p;(s) in (28) can be further simplified
(see Appendix for details), which is crucial for designing the
proportional gain K, and is given by:

det(sN, — A.)

n—2
pi(8) =Xi(bu-tkay)s" T+ A (b”*bjkdl—
j=1

7 n—1
> buo1siiky)s 0> (k) — 1 (33)
=1 =1

Similar to (33), the polynomial p(s) in (29) is given by:

n—2
p(S) :(bnflkdl)snil + Z (bnflfjkdl—
j=1
J n—1
an—l—mkpl)sn_ = (biky) — 1. (34)
=1 =1

We now present Lemma 3 as an auxiliary result, followed
by our main result on the design of a gain K, such that the
polynomials p;(s) for i = 1,...,r, and p(s) are Hurwitz.
Lemma 3: Consider the polynomial p;(s) as defined in
(33). Then, p;(s) is the characteristic polynomial of the unity
negative- feedback closed—loop system with transfer function
G(s) = p(s)+1 and gain — /\ , as shown in Fig. 1.
Proof: Consider the polynomials p;(s) and p(s) as de-
fined in (33) and (34), respectively. Let the open-loop transfer

equation of the closed-loop system is p(s) + 1 — /\—1 =0,

which is the same as setting p;(s) = 0. [ |
Input _ Output
- o |0

Fig. 1.
loop system with gain —

Representation of p;(s) as the characteristic polynomial of a closed-
<L and transfer function G(s).

i
Theorem 2: Let the derivative gain, as defined in Theorem
1, be chosen as Kq = [kq, 0---0] with kg, = ﬁ Then,
there exists K, such that p(s), pi(s), pa2(s),...,pr(s) are
Hurwitz .
Proof: Note that the polynomial p(s) in (34) may be
represented as:

p(s) =as" 1 + ass" 2 fags" P st 4
+ap_15+ an,

where

oy =bp_1kq,, 02 =bp_okq, —bp_1kp,,

o3 = bp_3kq, — bn_oky, —bp_1kp,,

oy = bp_akq, — bp_3kp, —bp_2kp, —bp_1kp,, (35)

oy = —1—=bikp, —bakp, — b3k, — - —bp_1kp, ;.
Choosing kq, ﬁ, the relation between «; for ¢ =

2,3---n and ky, f07r3‘ =1,2,---n
can be represented as follows:

— 1, as given in (35),

bn—2 k
as b1 bp—1 0 0 - O P1
as bn—s bp_2 bp_1 0 -+ 0 kpy

= bn—l _ . .
Qn :1 b1 by by - bp_1 p,_,
(C]

(36)
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Let b € RT be arbitrary. We now show that there exists a K,
such that
p(s) = (s+b)" 1 —1.

In order to do that, we expand (s + b)"~! using the bino-
mial theorem and equate its coefficients with those of the
polynomial p(s) in (34), given by «;. Since the coefficient
matrix © in (36) is lower triangular with nonzero diagonal
entries, b,_1, it is nonsingular. Therefore, for any vector
(a2 a3 an]T, there exists a unique K, satisfying
(36), and thus p(s) equals the desired polynomial.

Further, we show that p(s) as well as pi(s), -+, p.(s) can
each be rendered Hurwitz by choosing b sufficiently large. Let
k € {1,---,r}. From Lemma 3, it follows that with p(s) =

(s +0)"~" =1, we have pi(s) = (s +b)" " — 5, and for
A = 1, we have: py(s) = p(s). The roots of pj, are given by:

roots(pg) ={ — b+ (o +1iB5)}s

1
'nf\l/x
such that (o; + i3;) is an (n — 1)** root of unity. It then
follows that p(s) and p;(s) for i = 1,2,---r are all Hurwitz
if

1
b> o, (37
s
where
o : = max {a; | aj +if; is an (n — 1)* root of unity},

A" =min{1, Ay, A}

Note that b can be made arbitrarily large to satisfy
(37). Thus by choosing K, accordingly, we can make
p(s), p1(s),--+,pr(s) Hurwitz. [ ]

We next show that the design of K, which is used to
achieve stabilization, does not impact the impulse-free prop-
erty of the closed-loop NDDS.

Theorem 3: Consider the NDDS with external input u(t) as
in (14), where the matrix pair (N, A.) is impulse-free. Let
the control input u(¢) be implemented as in (26), resulting
in the closed-loop NDDS (27) with descriptor system pair
(N.,A.). Then, for any proportional gain K, € RX"
designed according to Theorem 2, the closed-loop matrix pair
(N, A,) is impulse-free.

Proof: In Theorem 1, we have shown that the matrix pair
(N, A.) is impulse-free, which using Proposition 1 implies
that deg(det(sN.—A.)) = rank(N..). Consider the stabilizing
gain K, = [kp, -+ - kp, _, kp,]. In the proof of Theorem 2, we
have shown that the parameters k,,, for j =1,...,n —1, can
be uniquely determined, whereas k,, can be chosen arbitrarily
due to the structure of the input matrix B specified in
Proposition 5. Thus, polynomials p;(s) and p(s) take the forms
given in (33) and (34), respectively. Moreover, by Lemma
2, the characteristic polynomial of the closed-loop NDDS
is given by: det(sN. — A.) = [p(s)]" [I;—, pi(s). Since
deg(pi(s)) = deg(p(s)) = n—1, the following relation holds:
deg(det(sN, — Ac)) = deg([p(s)]") + X1, deg(pi(s)) =
r(n—1)4r(n—1) = 2r(n—1). Recall that rank(IN,;) = 2r(n—
1) from (19), it follows that deg(det(sN.—A.)) = rank(N.,).
Thus, by Proposition 1, the closed-loop matrix pair (N, A,.)
is impulse-free. ]

Vo V2

N’

V1

5 Vo ——V1 ——7V2

N

U3

/

V4

v
Ve V3 —— V4 —— Vs

(a) (b)

Fig. 2. Graph representations G(V, £) with (a) 7 nodes and (b) 6 nodes. In
each graph, vo denotes the leader node, while the follower nodes are given
by v;, withi=1,...,6in(a)and ¢ = 1,...,5 in (b).

IV. NUMERICAL EXAMPLE

Example 1: In this example, we consider a group of seven
agents described by (4), consisting of one leader and six
followers. The interactions among these agents are depicted
by the network in Fig. 2(a). Consider edge weights w;; = 1.
It follows that the matrix £,4, corresponding to the network
in Fig. 2(a), is nonsingular with the following eigenvalues:
A= 011, Ay = A3 = 1, Ay = 1.2583, A\s = 3.5873,
A¢ = 6.0445. The agent dynamics described in (4), is given
by the following system matrices:

01 0 0 1
0 010 0
N_O()Ol’B_l
0 0 0O 0

It is verified using [7, Theorem 7.10] that the individual
DSs are impulse-controllablizable. To ensure an impulse-free
response in the closed-loop, we choose the derivative feedback
gain: Kg = [1 0 0 0] according to Theorem 1. It then
follows that: rank(N,) = 36, and rank [\° ¢ ] = 84,
which is equal to 2rn + rank(N.). Thus, NDDS (14) is
impulse-free. For the considered system parameters and gains:
Kqg=1[1 0 0 0] and K, = [kp, kp, Fkp, kp,|, the
polynomial p;(s) for i = 1,---6 is given by:

1
pils) = 5% — 5% (kp,) + s(1 = kp,) — (kp, + k) — X\

Similarly, we obtain:

p(s) = 5% — 52(’%1) +s(1 - kpz) - (kpl + kps) -1,
and G(s) = 4~

257+ To place the poles of G(s) in C, let
p(s)+1 = (s+0b)3, where b > Qlﬁ

)\*

a* according to Theorem

2. Note that for n = 3, the cubic roots of unity are {1, _71 +

z@ ’71 — z?} Hence, we have a* = 1. Furthermore, we
have A* = A\; = 0.11 corresponding to the network in Figure
2(a). With the computed o* and \*, we have b > 2.0871.

Hence, we choose b = 3, and compute the gain K, as:
K,=[-9 -26 -18 0],

using (36), which makes the closed-loop NDDS in (27) stable.
Furthermore, to verify the stability and impulse-free response,
the closed-loop NDDS (27) is simulated in MATLAB (Version
R2024a). The state responses of the leader and follower agents
are depicted in Fig. 3, where it may be observed that the states
of all the agents in the network are stable and impulse-free.
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Fig. 3. Response of leader and follower states x;(t) for i = 0,1, 6. z;;
represents the jt* component of each x;(t).

Example 2: Consider the dynamic model of a traction
system comprising six identical wheels, each attached to a
linear spring-damper unit (one of such configurations is shown
in Fig. 4). We refer to this configuration as a subsystem. Let us
assume that the subsystems are interconnected as shown in Fig.
2(b). Each wheel has a radius R, mass m, and rolls without
slipping. The spring constant and damping coefficient are k
and d, respectively. The wheel has rotational inertia .J, linear
displacement along the surface z, and angular velocity z. The
control input w is applied as a torque at the center of the disc.
The dynamics of the system shown in Fig. 4 can be completely
defined by following set of equations [20, Section 5.6.1], [21]:
m& +dt + kx + f. =0, Jz + Rf. = u, £ = Rz, where f.
is the contact force between the disk and the surface. Then,
considering the state variable as * = z1,2 = 22, 2 = x3,
and f. = x4, we obtain the following set of differential and

algebraic equations:
x'l = T2, mi'g = 7]43131 — dxz + T4,

. (38)
Jiz3 = —Rxy +u,

ZTo —Rl‘g =0.

Note that in the dynamics (38), there is an algebraic equation,

Fig. 4. A rolling disc affected by a linear spring and a damper.

r9 — Rxs = 0, that arises from the rolling constraint (i.e.,
rolling without slipping) between translational and angular
velocities. Thus, the above dynamics (38) is governed by a
system of differential algebraic equations (DAEs) as opposed
to a system of ordinary differential equations. It is well known
that a system of DAEs can be represented by a descriptor
system. Indeed, (38) can be represented in the form of DS (2)
with the coefficient matrices as:

1000 0 1 0 0 0

p-lppdl] a-|ew s n] slf].
0000 01 -R O 0

s
S

It is noted that for any choice of m, J, k, d, and
R, the triple (E,A,B) is not impulse-controllable, since
rank [E 2 %] = 6, which is not equal to n + rank(E), that is,
7 [7, Theorem 4.14]. Therefore, the techniques presented in
[17] cannot be applied to solve this problem.

We consider the parameters as: k = 1,d =2,m =1,R =
2,J = 4. For the system presented in (38) with the specified
coefficient matrices, we find two nonsingular matrices S and
T [10, Section 1-3.1] as follows:

-1 2 0 0 02 04 0.2 0.3
S — [1.5 —0.5 —1 0}7 T — |:0.6 0.2 0.1 —0. }

0.75 —0.25 0.5 0
1 0.5

-5 -1
Using the above nonsingular matrices, we decompose the
system (38) into the slow and fast subsystems as given in
(3) and (4), respectively. The matrices corresponding to the

slow and fast subsystems are as follows:
J=[%5202], Bs=[83], N=[98], B=10%]-

It is observed that the matrices associated with the fast sub-
system do not satisfy Assumption A1l. However, there exists
a basis transformation of the form: z = pi, under which
the fast subsystem can be transformed into a Jordan nilpotent
form [25]. Applying this transformation yields a new set of
matrices for the fast subsystem, given by (for consistency with
the theoretical formulation, we retain the same notation /N and
B for the transformed matrices):
N = {8 (1)] B = [0'55}, with P = {(1) (ﬂ

It follows from [7, Theorem 4.14] that the NDDS (4)
with the above parameters is not impulse-controllable, since
rank [ & 3] = 2, which is not equal to n + rank(N) = 3.
However, using Proposition 3, it is verified that the triple
(N, I,,, B) is impulse-controllablizable as: rank [ [ § 3§ ] =
n + rank [N B] = 3. We choose the derivative feedback
gain Kq = [kq, 0], as specified in Theorem 1, where
kq, = ﬁ = 4, in accordance with Theorem 2. We then
verify that with the designed feedback gain K, the matrix
pair (N, A.), and hence the NDDS in (14), is impulse-free.
Using K4 = [4 0], and proportional gain K, = [kpl km],
the resulting polynomials p;(s) for ¢ = 1,---5 and p(s) are
given by:

)\%, p(s) =s—bik,, — 1.
To assign the poles of G(s) in C~, we define the desired
polynomial as p(s)+1 = (s+b). For the network shown in Fig.
2(b), we have: \* = \; = 0.2841. In this case, with n = 1, the
only root of unity is {1}. Hence, we have o = 1, and compute
b as: b > 3.5199. Thus, we choose b = 4, and compute the
gain K, as: K, = [—16 O}, which makes the closed-loop
NDDS (27) stable. To verify the stability and the absence of
impulsive behavior, we simulate the closed-loop NDDS (27)
in MATLAB (R2024a). The state trajectories of the leader and
follower agents are illustrated in Fig. 5, demonstrating stable
dynamics and the absence of impulsive behaviors in all agents.

The coordinate transformation & = P~'z was used to
ensure that the fast subsystem satisfied Assumption A2, which

pi(s) = s —bik,, —

Authorized licensed use limited to: INDIAN INSTITUTE OF TECHNOLOGY DELHI. Downloaded on September 23,2026 at 07:38:23 UTC from IEEE Xplore. Restrictions apply.

© 2026 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Control of Network Systems. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TCNS.2026.3734147

facilitated the control design. However, we performed sim-
ulations on the original system using the inverse mapping
r = Pz, thereby validating the results in the original state
space.

T s¢ 1
)
n
g
g, 0r
n
&
® Lo, T, Ty,
45 Sr X0, T2, T4,
5 £E11 Igl 185]
10 ‘ ‘ X1, T3, Ts,
0 0.5 1 1.5 2
Time t —

Fig. 5. Response of leader and follower states x;(t) for ¢ = 0,1---5. T
represents the jt* component of each z;(t).

V. CONCLUSION

In this article, we developed a proportional-derivative
feedback control for an NDDS, assuming impulse-
controllablizability of individual agents. We presented a
necessary and sufficient condition for designing the derivative
control gain, which ensures that the overall NDDS is impulse-
free. Furthermore, we designed a proportional feedback gain
vector that guarantees stability for all the agents in the
network. The proposed approach ensured that the overall
closed-loop NDDS was both impulse-free and stable. The
effectiveness of the proposed algorithm was demonstrated
through a practical and numerical example, for which
satisfactory results were obtained. Note that computing the
Weierstrass form can be challenging for large-scale descriptor
systems. Therefore, the proposed method is most suitable for
small or medium-scale systems. It would be advantageous to
translate the results presented here into a form that avoids
explicit computation of the Weierstrass canonical form. This
direction requires further investigations, which we plan to
pursue in the near future.

APPENDIX

Construction of polynomial p;(s): Define K, :=
[kp, Kp,, 0], where k,, € R and K,,, € R*("2) .=
[kp, -+ kp, ,]. Considering the structure of the matrices N
and B as in (17b), the polynomial p;(s) in (28) is given by:

pi(s)
sXibika, —1—X;b1kp, sel —Xib1Kp,, 0
= det sAiBanka; —AiBankp, SNp_2—In_2—X\;iB2nKp,, sen—2
0 0 -1
_ S)\iblkdl_l_)\iblkpl
det [sAiankdl—AiBanpl

sel —Xib1 Kp,,,
SNy _2—In_2—XiBanKp,, |’

Using the property of the determinant of block matrices, the
above relation may be represented as:
pi(s) = — det(an,g — In,Q — )\iBgnKp2”) det{(s)\iblk‘dl
— 1= Nbikp,) — (se] — X\ib1 Ky, )(8Np—2 — In—2
— XiBonKp,, )" (A Banka, — AiBankyp,)}.
(39
Using Cauchy’s formula for the determinant of a rank-one

perturbation to the matrix sN,,_o — I,_9 — A\;Bop Kpay, we
have:

det(sNp—2 — In—2 — A\iB2n Kp,, )
=det(sNy—2 — I,_2) (1 — Kp,, (sNy—2 — In*Q)_l)‘iB%)

= (*1)n72 (1 = XiKp,, (sNp—2 — In—2)7182n) :

(40)
Further, using Sherman-Morrison-Woodbury formula, we
have:

(San2 —In_9— )\iBQnszn)_l = (San2 - In72)_1
(SNn,Q — Infg)ilBgnszn (SNn,Q — In,2)71
1+ szn(SNn—Q - In—2)_1(_)\iB2n)

+ N
41)
Define d; := 1 — \;K,,, (sN,—2 — I,,_2) "' Ba,,. Then, using
(40) and (41) in (39), we get the following:
pl(s) = — (—1)”72d1’ det{(s)\iblkdl —1- )\iblkpl)_
(sel = Aib1 Ky, ){ (N2 = n2) '+
(San2 - In72)_lBQnKp2n (SNn72 - In72)_1 }
d;
(S)\iBgnkdl — )\iBanpl)}.

Ai

(42)
The relation in (42) may be further simplified as:

pi(s) =(=1)" " (shibika, — 1 — Nibiky, )di — (se] —
Nib1 K, ){ (5N = Tn-2) ™" di + Ai(sNp 2

In—2)_1B2nKp2n (SNn—Q - In—Q)_l} (8)\i32nkd1

~\iBauk,) .

(43)

Now, in (43), we substitute the gain vector K,

[kpy - - kp, ], and the matrices By, and Bs,, as defined in

(17a) and (17b), respectively. Then, for the system parameters,

N € R™ "™ and B € R™*!, under assumptions A1 and A2, it

follows that the polynomial p;(s) in (43) may be represented

as in (33).
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